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CABLE DYNAMTICS \

By Friedrich O, Ringleb

FREFACE |
- The technical develomment of the aircraft arresting gear required the
! solution of ‘a. considerable number of problems ¢n cable dynamics which had
not previocusly been studied. Accerdingly, dwming the last ten years,
this development was ageampanied by extensive basic investigations on
cable dynsmics both in this country and abroad, The results of these
studies, theugh initiated by the aricraft arresting gskr development, ave
of mnersl technical and sciesntific interest and in their epplicatian
naot restricted solely teo this deviee, The purposs of the present monegraph
is to furnish a systematical trestment of cable &mnamics, with particular

respect to recent developments in, but without restxictien to, aircraft

arresting gear apnlication, The examples which are included refer

generally to arresting devices, and the numerous camparisans between 1

4 -
. theoretical and measured recults make use of muck of the experimental
. vork canducted during arresting gear development teets..
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r— INTRODUCTION ]

Under cable dynamics we understand most generally the relations which

describe the motion of an elastic caple and the stress distribution in it

if an initial motion, an initial stress distribution and the forces are

prescribed which act on the csble from outside during its motion., The

initial motion, say at the time zero, is given by an arbitrarily prescrived

positidn of each cable point and s arblitrarily prescribed velocity and

direction of motion of eaeh cable point at this time, The initial stress ;

distribution is given by an arbitrarily prescribed simwess in each cable

point at this time, The outside farces acting on the cadble during its motion

are glven by its magnitudse and direction in each cable point as functicms

af thair initial positicns and the time,

In praxis; the initial state of motien will moatly be the state of

reat, and the inivial stress willbe a constant stress from which the motion and

8 transient stress distr/dution wviil develop dus to the sctiam of outeide farces.
- The trensmisgion af outaids forces to a cable invelves fixed or moving

magses attached to the cable ar moving alang the ceble like anchars, links,

{' hooks, sheaves and pulleys, It is the interaction of such massee with the

cable motian which yields the more campligated problems of cable dynamics.
! Apong the forces aeting fram outside on ths cable, the impact forces

are of special interest, Such forces are typical for the aircraft srresting

p—

gear, Here a stretched cable i3 engaged suddanly by the tailhook of the

landing airplane with {ts landing aspsed in a diraction psrpendicular to the

-

cabls, The force acting on the cable risas in this case suddenly fram zero

.

- ey

to & finite valw producing an infinite acceleratica at an infinitely small

3

meas of the cadble, The solution of such and similar i{mpact mroblems comprises

o

a wain part of more recent developmants in cable dynamics,

i L .J
HAVY-HPS 4RO—PHILA. . A, PAGE 4
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In the faollowing imvestigations, the elastic cabdble vhich is in-
homogenous at least in structure and mostly also in the material will be
replaced by an equivalent elastic homogenous string in a way to be specified
later, Elastic strings have been studied £« moxe than a hundred years. The
clasaical theory cf the elastic string contained in most textbooxaf;n
mechanics deals with the motion of such string under the simplifying
assunption that the stress within the string is approximately constant
and that the displacements of its elements and the slopes of the string
remain small during its moticn., These ossumptions of the linearized theory
are too narrov for modern applications, especially for an application to
the aircraft axresting gear where none of these assumptions i{s satisfied,

Nore gensral in seope would be the mathod in which the cable is replaced
by & cm\ﬁ: of small masaes and masslass springs. EHowever, for a largs nusber
of such h’;nﬂaal and eprings, this method becomss hopelessly camplicated, and
appraximationa vith small numbers of such mascss and springs yield results
vwhich sre too insccurata to be of valua,

A firat gensral nen-linear thsory of the vibvrating string in analogy to
the Fourier-analysis in the classical case has been verksd out in 1$45 by
G. P, Caxrier (1) vho datarnined by series expansions the motim of & etring
with given initial pesitiaon and initial velocity undexr the influsnce of its
stress only., Thia theary is still rather laborious and not especially well
fit for the ocolutian of impact problems,

The simplest impact problem, the longitudinal impact at the end of an
infinitely long straight cable or bar, has been solved directly in 1868
by B, de Saint Venant (2) who determined the otress which e produced in

the cable faor the case of a constant impact velocity by a simple foroula,

|* See Referemces 1, 3, 4 and 5
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But it was not before 1648 that similar simple formulas for the perpendicular
and oblique impact with slight approximations have been derived by the
author of the present monography. These formulas have been used since in
this country and abroad, egpecially for arresting gear gtudies and for
further theoretical developments, The impact formulas can be used for the
stepwise solution of any cable dynamica problem, if the nimber of required
steps 18 not too large to be practical, This method of approach to problems
of cable dynamics which moreover reflects in the best way the physics of

the phencmena involved is closely related to the method of characteristics
vhich has dbeen successfully used also in other fields of physics and seems
to te the simpleat way of approach to tha problems in question, It also

has been followed by othsr authors in this field and will be applied in thia

monography too,

L
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SYMBOLS

Modulus af elssticity of cabdle {1lbs/rt2)

Mass denaity of cable material (1bs,sec?/rt")

Mass density of cable material at zero stress (1bs,sec?/cth)

Cross section area of cable (ftZ)

Cable lengths (ft)

Tension (1bs)

Stress (1bs/rt°)

Initial tension (1bs)

Initiml stresc {1bs/ft2)

Elongation (ft)

Rectabgular coordinatea in plans of cable motiocn (ft)

Avecisids of a cable point in inftial position along
x-axis st time fe O (ft)

Tixe (sac)

Angls betveen cable elemsnt and x-axis

Longitudinal vave velocity (ft/sec)

Longitudinal vave velocity at sero stress (ft/sec)

Transverss veve velocity (£t/sec)

Inpact velocity (ft/sec)

Particle veloaity (ft/sec)

Kink-velocity (£t/sec)

Izpkct angle

K. <. Lnergles (ft/iva)

Dimsusignless ecergy coefficients
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SN Stme e S " o
. N




NAVAL AIRCRAFT FACTORY
NAVAL AIR MATERIAL CENTER
PHIVADELPNIA, PA.

ano-uanE-aces reront no NAEF-ENG+6169

[—CHAPIER I3 BASIC CONCEPTIONS AND RELATIONS - :

; 1, The Blastic String

By an elagtic string, we meen a circular aylinder of hemogenous

material whose diameter is small compared with its length, which {8 cem-
plately flexidble, is eiongated if a load is applied longitudinally, and
which aasumea_its original length if the load is removed.

The load by which the string is elongated is called its tension 7
measured usually in pounds,

With the elongaticn af the string dve to & load, & latersl
contreetion ies normally combinad, Tharefore, ths cross sacticn area q
decreases vith increasing load, The trus stress & of the string is

defined by tha relation
r

Sa —

(1)
vhich is the load psr unit cross gection area. In technical considsrations,

] the stress 1 usually defined by

" q‘

vhare ‘7, i1s the original cross sectian ares belanging to the laad raro.

- a————

The trus otress is, therefore larger then the styess plainly, For materisls
vhich do not elougate very zuch wader high loads, the differspce between 9 '
and go is gererally negligibly small eo that there is no remarkeble
difference betwesn ths tvo definitiona of the atress, This is not the case,
however, for very extensible materials,

In the folloving ve vill uss the technical deftaition (2) of ths

stress, utul before that wo vill discuse same relations vhich permit us to

estimsie the error resulting frem thoe assumption of a comstant cross sagticn

} alea di“m?.. :

{ L _j
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r‘ 2. Hooke's Law of Elastizity !

i We denote by c’: the length of 8 straignt elastic string with the
initial stress zero (see Figure 1). Then Hooke's law states that to an
elongation Eo corresponds a stress &, vhich is proportional to that
elongation, If the factor of proportionality is denoted by f— we have

6& - Eo ¥
= A {3)

The constant & 1is called the modulus of glasticity.

Actually this statement is no general law, bub a characterization

of the material, It is very ¥ell sstiafied by moet matals,

Nov if / 1is ths length of the sams string having the stress 6.

than [=L+£,

&)

longating this string about snothar amcunt § we obtain a streas

wvhich i8 determined by
£ . &+

& Z ()
i
! . Eliminating fram the equations (3) ¢ (5) the valuas {  and E, we obtain

©

| g s

- &

S¢
I+ 3

(6)

SNl

vhich is the exprecalon for Hooke's law if the string has initially the

tr dm et

length 4 and the streas 5:.

6, &
; o4 E" i negligidly small carpared with :-c----{'- - -..;*;J" -e-u'
i i
‘ 1 vhich s the case for metals and steel cables  o— 4 % <
§ i
! H vith hemp core for=ula {6) can ba simplified &w-———?----.-,u
' w Q L 4
; G- 6, 2 £ FIGURE 1
K i — ¢
E z (1)

NAV “udl QRO PUH.A. . A PAGE 9
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[ 3, Latersl Contrsetion 1

We consider an elastic string with the initial stress 6, = o
and assume that Locke's lav is valid., From the expression (6) for Hooke's
lew follows then: ' & _ £ |

vhere { 18 nov the length of the string vith zero stress, & its

elongation and 6 the resulting stress, It is generally assumed that the
lateral contraction is proportional to the eiongation and, therefore, to the i
stress, If this ie sctually the case, and if we denote hy & the dlametar

of tha string ot zero siress and vith the negative value J’ , 1ty cantraction

e b —— - a——

dus 4o ths load we get

Lot § oo
d E=wm E ) ?
where = ,-ﬁ; is the factar of proportiongliity. ;;-; 18 callsd Polsscn's ratio, {
€ i3 the trus strass, We denote nov with & the stress related !
i to the initial cross sestion area % at zero stiess., Then
3 o 4 s )R
: ?o 8 /;:) 7, 9 s/ 2 ) ¥
il and
§ 2 f1+d) (19)
w 4 . : 10
i Yo of
\
- e . L §u T
| g 9o
L and becauwse of (9) and {10)
.' 3 6 4 6 2 .
}, % = 2 (/~%mzZ (1) |
i {
b This shows that the simple siress © 1is alvays smaller than the true strees &
? For metals und steel wirm cablas with hamp gore the valus ;”L -eg ls negligidvly
| small Gapared with 1 for sll stresses smaller than the braking stresses. In
5 L -
NA¥Y=nPu dNO~PHiLA., PA, PAGX 10
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these cases, therefors, & = ©& 1z slwvays a very good appreximation,

RELPOAT NO  NARF-ENG-6169

T

!

G =6 ’

For other materiazls and cables, tha eIrcr mads by setiing - i

can be estimated from this forwula. ‘

In gensral, the volume of the siring varies with the losd., In the present

ceps, the initial volume under assumption of gére stress i3

=4/

and ths volume at che otrees & carresponds to the elongation

U = 9,('?4-5).

g\
%("f'?-/ (12)

We denote by (0 the mass denaity of the string material at the stress O and

Therelore

espacially with {Do the mess density of the string at sero stress, Then
g o %

/A It
and becausa af (12), (10) ang (&)

be (58 )1108)

If Z is um.u comphred with 1, this stress density relatiocn ylelds

-g.aw-['/—,%)g- (14)

Tharefove, tha density is constant with varytng 6 ¢ £ : 0.5 For
ssall extensicna, rubbey satisfies this reletion vith good apuraximation

( 3, a 0.48), For metals, the valus of ;—"‘:, is mostly near 0,3,
Tla erods saction areas ? {s constant vith varying © 1f ;’L_’ s O, o case
vhish {e pever accaurately realiced in nature., In this cass, thoe stress density

reistion (14) ylelds

lfb.

-2 = [/ +
®

Mo,
g

- _
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|~ %4, The Cadle as Elastic String 1

In the following a cable will always be considered an elastic string,

However, e cable bas not a houmogencus structure. It consists of strauds of
uniform or frequently of different materials. It has to be defined, therefore,
in which way such cable has to be replaced by an equivalent elastic string.
Since the elastic string will be in eny case only an approximation witn

respect to the characteristis properiies of the cebdbls, such delinition

———r

e E R it M e Pt . et dermm o e

will, to » certain degree, always be an &rbitrary one,

For the following investigations we have in mind cables consisting
of strands of a homegeneus material, mostly metal wire and metel wire cables
vith a core of hemp ar & similar supparting material. Of main interest for
the dynamics of such cadble are its elastic and its insrtis properties; while
its geometrical structure is less important. The elastic properties are
Jetarnined mainly by the motal strands., We relate, therefore, stresses to
the matailic cross section area and call this 7 « Bince, however, we do not
wish to neglact the mass of the hemp or othsr supparting meterial if such 1is

present, we define the muss dansity of tha equivalent string by the relation

W
#9 ' Gs)

wvhere W i the veight is pounds of the cabie per foot langth and 9’ - 32,2

p:

rt/tsecz2 the acceleration due to gravity vhile 7 {8 the metallic cross
sestion ares (I‘t.e). As meutioned before ¢ will be considered as constant

with varying lssds so that the following investigations concern the idesl

P

case of a Polsson's ratio of ’—’!; = 0.

. 5 J

pace 12
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Cable Data B
The follewing, Table 1, contains same data for a steel wire cable
with hemp eccore whieh contains 6 strands with 19 wires each, Measurements

whileh are discussed in this monography have been dons mestly with cables
of this series,

TABLE 1
haminal Max{mum Metallic Welght Breaking Mags Elastieityl
l;;g:er ﬁzﬁ. A;eta per foob ng:gth Dansity X Modulus
1bs/ft 1bs 1bs/sec2/tt"| 1vs/re2
1116 4,5 0,00119 0.TL 46000 18,51
7,8 5.7 0,00210 1.23 73000 18,20
1 6.5 0,.02Th 1,60 95000 18,12
1-1/8 1.5 0.00346 2,03 119000 18,20 Average
1-1/% Al 0,00428 2,50 146000 18,13 Value
1-3/8 8.9 6.00519 3,03 175000 18,12 18.3.108
: 1-1/2 5.8 | 00067 | 3.60 208000 | 18,10 |
% 1-5/8 1.6 0,00725 b,.3 242000 18,10
1 1-3/ Neh | 0,003 | b.9o 280000 | 1816 1
T 1-7/8 12,2 0.00962 5.63 314000 i8.19 :
{ 2 13.0 0,01094 <40 300000 18,16

The elasticity moduli &  in this *¢)le have been measured at relaxoc :

—— e,

cables,® The ratic %”.’i" vbre g4, 18 the breaking stress hes

for all theoe cablss a valus near 0,0183.

b ™
' .

Pigure 2 shovs the lsugths of a 1" cabls repeatedly luaded and measured

‘; for dirferent loads, It proves that Hooke's lav of elssticity is very well

satigflied up to loadingc near the break’ng strength,

( *  Conmare References 1R, 19,

L N
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r MEASUREMENT CF THE ELASTICITY MODULUS
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Chapter II. Longitudinal Motion of & Cable

1, Mathematical Description of the Longitudinal Cable Motion

We consider a cable which is initially situated along a straight
line and has a constant initial stress ©, ., We choose this straight line
as x-axis of a one dimensional coordinste system with a point g as origin.

The motion of :the cable is restricted to a motion in this line, The initial

time {8 t = O, At this time any cable point P has a certain x-coordinate

vhich wve denote by & (see Figure 3). This

X
point moves with the cable motion e
' ‘ Pltad) |
and has at & time >0 L X
s positian P oh-—_-_,g y =2
" . Pigure 3 (¢20)

The coordinate of this point is denoted by x. Any éther cable point P
with a different coardinate o at the time t « O.moves in the same time
into another position with a different x-coordinate., In general, the
i motion of the total cable is described by the x-values which belong to
the initial § values at any time t, with other words by a function
x=J0s,8) | (ar)

! At the tima t « O the point P’coincides with P, Therefore, the function

P U UR
-

-

-t

' S (s, t) tas to satisfy the condition

for all values of J . For instance, the function x ws + ¢t describes

s

i~ e

& usrinm
. .

; a8 longitudinal translation of the cable wach point s moving with the constant

velocity ¢ toward the right if ¢ is positive and to the left if ¢ i3 negative,

s
.

. Any arbitrary function X af(s, vhich satisfies the condition (18)
[ represents actually a longitudinal cable motion which can be produced physically
S

| L =
. NAVY—K 70 420 MHILA., PA. PAGE 15
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by moving each cable point so as the function prescribes it. This,
however, requires adequabe outslde forces acting on all points of the
cable, If such outside forces are applisd only at certain distinct
points of the cable, the motion of the other cable polnts cannet anymore
be prescribed arbitrarily but will follow automatically due to the tension

in the esble produced by moving certain points arbitrarily. T™fs shows

that i a cable or cable part moves under the influence of tension forces
anly the funetion x .-:f(s, %) will have to satisfy additional conditions
vhiah have to be derived in the following.

L. -
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2. Equations of Motion and Stress

¥e consider an element of the cable moving longitudinally under
the influence of the tensiom within the cable only (see Figure 4)., At

the time €t = O the element is

situated between two points T 7‘+%TA.S'
with the coordinates s and S+45, /-g corns fq”[ >0 '! :
= 4x
At the time t « const. >0 —O— e Q o
0 X x+5%' a8
it is situsted between the oY) »
L 43
points x and x + 4 x = —0 D=0 At
o 7} s SHAS
x+ 2X 4.
(S Figure 4

The mass of the element is in

both positions the same and equal §-4S < (@ yhere P is the uass density
of the cable material under the initial stress 6, r const, and 7 the
cross section area which is supposed to be constant during the motion.

At the time t - const. a tension difference moves the element,

the tension at x being equal 7 and at x + 4 x equal Tia7 = 7~+,§}Z~4~"°
The moving force is, therefore, equal ;}\'SZ’AS . The elongatidn
at the time t = const, is then determined by Newton's law which ylelds
D% T
* ASI st - m— J
or 7 S YR Tl
D 6
Poer = 55 (1)

This equation comnects the two unknown functions x and G of the variables
S and t,
Another condition for these two functions is obtained from Hooke's
lav. The original length of the cable element ¢ = 45, Its elongation

5 )

PAGE 17
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. in the farm of equation (6) ylelds, therefore i

-y

- H.—-—-%.? =55 =/ (20) %
which is another equation connecting the two unknown functions x and € o
of 8 and t, - l g
;. It we eliminate € from both equations (19) and (2¢) differentiating 1
at first equation (20) with vespect to 8 and replacing aftervards ?%‘7 by "‘

the left gids of equation (19) we obtain

?i‘. = ¢ ‘22 (a1) |

o Ayt ?s?

where

& :
c‘n (/"'gp)';{' .

(22)

Thic is the condition which the funetion x «.F (s, t)

has to satiafy if it deseribes ths longiiudinal motion of a cable under

the Influence of tension forees only.

It x = f (s, t) 1is a special solution of equation (21) the
stress belonging to this solution follows fram equation (20),

It 2?-'? is small compared with 1 between the density © at

the stress €, and the density [0 at zero stress the relation

e v e TR WAL AREL
~

e e

. i Ge
4 Pt E
: had been derived (equation (15)), Using [ instead of @ in farmila i
1y (22) we obtain 7
Lo . 5 L&
, ¢'s (1 3 ) N (23)
L
1
l
L L J
\ NAVY—NPS ND~SHIMA,, A, PAGE 1-8
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r 3. Solution of the Wave Equation and the Longitudinal Wave Velocity 1

Equation (21) is ¥nown under the name of wave equation which is
suggested by the physical meaning of its solution, Its general sclution
is given by

= Flsred) + Gle-cd)
(2h)
vhere A and & ave arbitrary functions of the arguments s + ct
respectively 8 - ct which possess two derivatives with respect to these
_arguments, That x is a solution of equation (21) can be easily verified

by differentiation, We have

2!,,;"4. @, ) %:C’/F:@,)

2:‘3F+@ J —7'_—6’/;* G)
and thsrefore fa; igx
32t ° ¢ el

Here the primes denote the dearivatives with respect to tha total argument

of the function, for instance

1. dF ' d&
£ Aswct) ’ G = ols-ed)

In arder to find the physical meaning of the solution (24) we consider

the specisal case -
x =2 flsect)

with a positive valua of the canstant ¢. For ¢ « O thias solution ylelds
x & F(8) (We do not satisfy yet the former comdition x « 8 for t = 0),
In Pigure 5 the function x » A~ (s) is plottcd in & rectangular (s, x) -
coordinate systemn, We considsr a point P of this curve belauging to the
sbscissa s, In Figure § {8 further plotted the cwrve x, & A (s, + ct) for
& constant valus of the time t, We consider the point P, of this curve
which belangs to the value a’ a 8, ct of the variable 5/ .

L .
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Then
x, = Fro+ct) s Floclscl) = FLs) = x

, This shows thet the cwrve x, = F~ (s, +ct) 18 & translation of the curve
| in negnti'\-r; s-direction about the amount ct. If the time t increases

; the curve x = £ (8) moves parallel to itself in thia direction with the
velocity ¢, Such motian is called a veve.motion and ¢ the wave velocity,
Tha point P given by x » F(a) for a constant s at the tims t » O

moves during the time t into the position Q, determined by x « A {3+ ct),

PRPe—
i

If we project P and § on the x-axis vhich represents the cabls wve get the

’
pointe P and Q‘. Here is Q' the position of the cable point P/ after

et sy

the time t due to the cable motion., It should be noted that with the wave

I motion the point P does not move parallel to the f-axis into the position P

L—but upwards into the position Q PR __.l

! NAVY=HPS 4NO~PHILA., B4, PAGE 20
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In the same way the solution x = G (8 - ct) represents a wave . :
motion projected on the x-axis with the opposites directicn of motion but
with the same speed ¢,
¢ is called the longitudinal wave velocity for the cable mo*ion.
But it must be remembered that it is & velocity relsted to the variable s,
The value of ¢ has been determined by equation (23).
The general solution {24) of the wave equation consists accordingly
in two waves running in opposite directions with the same speed ¢, We can
now satisfy the condition (18) that x e 8 for t « 9. The two arbitrary
functions in equation {24) are then reduced to one only by the condition
S= Fis) » Gesd
Thus _
Gls—ct) e g=cl - Fls=-ct) ,
and, therefore
Xa Freeoct) - Floect) + s=-ct (25)
A 1s an arbitrary function of the argument § 4 we dsnote by ¢
either a + ct or s - ot, We can write also
$
F($)=308) + 5
vhara P(¢€) is wnother. srbitvary functica of & .
Then equation (25) takes the form
swcl J=ct .
xm Proect) + —=— - ‘/¢{.c.-.¢z‘)+ ) -t
or
X = ¢(a’+0(‘)— Glrmcd) »S (26)
- _J
RAVY=590 400=PRILA . PR PAQR 21
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This function x of 8 and t wvhere § is any arbitrary function and 1

I

‘/E
Ca "'; describes a longitudinal motion of an elastic cable and any such
[ ]

motion for vhich x = 8 for t = 0 can be desacribed in this form,

We denote by u the velocity of a cable element and get
/ A ’
U = % - (¢(,-c[}+~ ¢(J'—C‘f))
vhere the prime denotes the derivats with respect to the total argument of
the function. Thus we find:

The veloclity u of a cable particle is determined by
g = Ots wcl) +» Plo-ct (27)

From equation (20) follows finally the result:

The stress G /at any point s at any time t is determined by

2o -
= ¢/('J“+C_(‘) - ¢,(\f-£‘{‘)
1~ S2
a
L. _J
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4. The Longitudinal Impact R

! We apply the general result of the preceding section contained in

the formulas (26), (27) and (28) to the case of the longitudinal impact.

G L o e o Ly Il 1 e Db by S DRI ST o
el 7 A SR N SR S e S Y D ot
- w TR 0, R

I Ve assume for this purpose that a cable with infinite length i3 situated
\ H ’
) «long the negative x-uxis ending in O and haviag the initial stress S =
E i constant at the time ¢ 3z 0, Immediately aftervards point O moves asuddenly
S with the constant velocity v, 1in positiva x-direction (see Figure 6)
- o
: e -

6 s const 0

FIGURE 6
In the initisl position the - valuss of the cable pointas satisfy the
condition 8 £ 0. Since at thia times t = O the cable {8 in rest formula (2’?)
yislds

¢;x) =0 for s zo0
{29)

For ¢ > O point Q (8 : 0) moves vith the velocity v, . Thus formula (27) sives
14 4 2y
Plcl) v @(-cl) = 2 jor ¢50 £39)
Bacause -ct is nsgative ??’—c[} = 0 sccarding to (29).

Therefore

/ .
¢ l) = Yo for ¢ >0
Plcli=z (31)

of ‘or sny varisble ¢ sccording to (29) and (31)
Blt) =0 for $20, Ptt)=L Sor £>0 (32)
In the geveral ralaticn (27)
£ = Qlsuct) + Qto-ct)

the variable s - ct ia alvays g 0, tharefare, alwveys

Ple-el) =0
L. 4
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Y, !
=& Jor seelso (33) |
In the same way follows for the stress & : |
{
6—6o 1
E /
;..i':P: ¢7{(+ef) a 0 Jor wc‘/éa (3n)
/
€ s Ez’:" Sor  recf >0
The stress § induccd by the uspact is, therefore » constant and given by
& =—6p H
£ ;
- = (35)
LT E
Tne formulas (33) and (34) show that the stress given by (35)
propagates vith tne longitudinal wave velocity ¢ toward the left and the
points -nder stress are moving with the velocity v, while beyond the point
8 z=ct the cable is atill in rest (see Figure 7),
-ed v,
-0~ O— O —
() (s/ o P X
FIOURE 7
It 6, =0 fermuls (35) yields
L
'E‘ *T : (36)
Decause of (22) c is given then by ¢© « ?é'-' and equation (36) can be written
also in the form !
=4, jJEp
(37)
which is B, de Saint Vensat's fornula derived in 1868 (#),
It gz 16 negligibly small compared witi 1, the longitudinal impact
formia (35) can be simplified to
6-6o . (38)
Jal ¢ |
* Defersans 2,
L A
NAVY=NE® 4NO~PRILA., PA, PAGE PIN
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| The general cssult (35; can be derived in an elementary way if the '-l
longitudinel weve velocity ¢ is known, It is phyaically rather obvious thau
the ixpect with a congtant velocity Vo (see Figure 7) must produce a
censtant stress espectally 1f the cadble 18 considered as & chain of small
nazség .and magsless springs, While nov during the time t point O moves
about vt the stress € propsgates up to the point -ct. Beyond -ct the
cable ia ir yest, Thus an original cable length ( = ¢t has been elongated
atout the amount & = v,t . According to Hooke's law in the form (6) is, i
therefore, ¢~ Go
& Yo
B e
N-g c

Of interest is the energy balancs for the case of a longitudinal

impact with s constant velcelity Vo
The work which is done at tha cable end 0 moving it during the time ¢

against tre bension T =y 76'

H= g6 4L (39)

This energy i6 divided in two parts, the kinetic esergy A/, of the moving
cables segmant and the stpain energy /‘/‘. in this segment. We have

Hey » gpels %, ~ (40)
sinca the length of the moving cable segment {3 ci{ and, therefore, 9 Jid e[‘

its mass and

A,

’2%6;'?%/

(b1)
because the atralin energy is the vork nacessary to elongats tha segment. The

force roquired for this vork increases linearly from & 3 to 62 , Its

¢
mean valus is ‘z—%—" @ . Tue path on vhich this work ia dons is the elongstion

U,t + It must be now
H a Hm + HG'
which ylelds
L. J
WAVT—HPE 4ND~AHILA. . PA. PAGK 25

[P .ﬁ-,..._.,aN*c.-Jt:J




NAVAL AIRCRAFT FACTORY
NAVAL AIR MATERIAL CZNTER 1
PHILADELPHIA, A,

4no-NANC-2488 reront NoNAEF-ENG -6169
v, 6 + 6o -
(— § o (¢ ] - -y
S =% o pc 2
£ £ ¢ (42)
The formula {22) for ¢ shows that
:
Pe = e
= = Tz (43)

Therefore, the formula (42) 1s identical with (35) and proves that the
energies are ;:orrectly balanced,
From tie elementary derivation of the longitudinal impact formula (35) and
the snergy balance inversely follows the formula
o’ (g ) ()
for the longitudinal wave valocity c.

From (40) and (k1) we obtain the relation ‘

M € « 6o !
AT

If ve replace here ¢ vy £(/« g} frou formila (L) and 5”1

by i.é':.-‘:" / /+ g” from the longitudinal impact formula (35)

we find -/:/5 _ _ﬂ’_ﬁ'
Hl"’? T =60 (u5)

vhich shows that for gero initial stress
}'i’, b Hg'
80 that the total energy is equally split in kinetic-and strain energy.

For 6, $0 the strein energy is slvays larger than the kinetic energy.

P

o e
¢

L- A
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r 5, Longlitudinal Motion and Stress of an Infinite Cable 71

A cable of infinite length is situated initially at the time t « O

along the negative x-axis ending in point O and having the initial stress
6, =« const. Beginning with the time t = O point O is supposed to move with
a given veloclity in positive x-direction where
g =4
is a given function of the time t.

This problem is the same as that of the preceding section except
that now 2j, is variabls with the time., The determination of the unknown
functicn (s, ¢/ is done in complete analogy to the Longitudinal impact
problem, At the time t 3 O the velocity of each cable point 8 F 2 is zero.

Thus fram (27) ,
P15)20 tor S50 ()
For t > O point O (s « 0) moves with the velocity v, = £{t). Thus frem (27)

¢[c¢‘)+¢( “cl) = f/{) for ¢>0

N and since -ct negative f J
. ¢[c/) (2 ﬁ/ >0 (47)
L Por any variadle {) therefore, J(‘/ j')
/ ‘ *
Um0  Cto, Pl)= o €20 (e
The velocity u generally is consequently
| . gm0 Jor £+t 20 (h9)
| ¢ J: (&« 1") ful >0
| accarding to formuls (27) and the stress given by
. 5_::_;‘:0
‘i £ .« (50)
' (¥ 9? ¢
according %o formula (28)., If wve dsfins the functiocm Jf(f) for negative {
to be zero then alwvays ’E
L i,
NAVY—HSS 4ND—PHILA., PA. PAGE 2’
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S =

N.E - é Jg / =+ f ) (51}

For a constant ¥, w £ this formula is identical with the longitudinal
impact formula (35).

It E“-' 1s small compared with t formula (51) yields

/e = 4[4l + S0 o]
$

or under restriction te tha first power of il :

g% Y, v, 2
[+ I8 ¢ :
& i :
where & o 18 the velocity and 2/  the acceleration of the cable end a
point,

The last result shows that the stress nsar the'oabla end point O

i3 inereasing towvard the cable end vpoint if the acceleraticm is positive and

decreasing if the acceleration is negative’

TS

0Of interest is &n example in whieh the velocity of the cable end point

0 increasss from zero approaching asymptotically a constant value &) .

We choose accordingly d{({) x (/‘_ e“j

The stress © which develops in this cass follows from formula (51) which yields

-
8o ge x Bfs- SE)
S

In Figure 8 © .. ‘1. s plotted the values of %5‘/?/;’&%") versus & ,

for different values of the tima. z{' repowsestis the b in its initial !

position shortened by the factar £ . It is interesting to se that the stress

increases with increasing velocity ._)f / I,’/ and if the valus &§ is reached

(for ¢t » 00 ) assumes the impact stress valus belonging to ¢ . This indicates

that the stress maximum is indepandent of the accelerstion but depends only

on the final velocity,

- A
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[~ 6., Longitudinal Metion and Stress of a Finite Cable ~
We assume that a finite cable is situated initfally in rest

betvean the values g = O and 8 = (7 ané has the initial stress 5;:

constant (see Figure 9), It is smoumed that for £ > O the énd poini s = ©
moves with the velocity V¥ =J{/Z) and the end point s = ¢ with

‘j the veleotty Y * (. _p v fll — Y= f(Y

| - e

) 17 (6,) S=7 ..;
§»0 FIGURE 9

For the dsterminstion of the funetion @ = P/ A for tuis
‘motimn-we use again the formila (27) o = ¢f’f«-af) * ¢;’r-c/)
" a8 in the case of the cable with Infinite 1en5th At the time ¢t - O
the velocity of the cable pOin‘b § where 0% & £/ 1ssero. Tererare
Prs)zo taw 6488/,
For t > O the point s « O moves with the velocity ¥ = Jf/// and the point

g ={¢ with the veloeity V, = dge’f}. Therefore,
- plel) » Pl=cli= ¢ £ g £
Pllvcl) + Pll-ct) = & Ll
i 4 For any variable {' we have accordingly
plt)=0, 0sfzo (53)
A / /
a ¢/f)#¢(’-f)-5‘j/-f}=é./f) f oo
L / {54)
a PUIe¢) + PU-F) = £ L[£) = by ()
Do ' (55)
§< The last threo equations dstermine tho function B (¢)  for all values of ¢

/
The first equation (53) dstermines ¢  in the interval & = f =@O. For
/
these valuss of ¢ the tern P (f) in the second equation (54) is determined

I ‘ (equal zerc), Thus

L -
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r ; 1
¢/-§)= 4{, (§) Sor Jaf>o

/
This equation determines ¢(g}vithin the interval

o
g
el P S T A P I T st e ol M e At it s

-/af <0
In the third equation (58) the function & //2'- ¢)2otor §valves 05 € 5 z.
, Tus Plet)= £y (f) toe  Jz2f >0
This equation determines @/ ¢} vithin the interval
l<§ g2/

Now in equation (33) ¢/[f) ig determined for 2 < § = 2/.

We can write this equation
@int) + OL-1-¢) = 4,(I+¢)
where nov ¢I/Z+f) is determined for Z o f>0 . Thus
Pl-1-£) = 4, (1+¢) ~B 1% €)

determines P7F) within the intervel

-2 & § <=/
Equatien {5k) esn bo written
N B0+ E) +Pl=t) = HulT+F)
L cp?—-g") 1s determined for / & £ > O Thus
[ ¢I/zl*’f)='4a//+f}-¢lf~f)
L seternines P7E) within the tnteval 27< & 5 37

and so on.
1 Tha foﬁowing table 2 contains the continuation of these recurrent

formulas; d

3
;
¥
g P~ R
[ ;
|
1 ;
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"TABLE 2 ;
The Equstion deternines #15)
within the interval :
&'(Y)=0 3 oaf s }
¢'=f) = 4,(¢) -’z f <o ;
G124 t)m Ay (¢) < Eg2? ’
B'(-1~t)= 4 (20 8) = BU2e ) 20 & f el
B(224t) n 4y (29F) ~ B~ F) 20< f & 32
PREL=F) =4, (2008) - P20 £) ~3728 F <20 o
QUL+ ) by (204 8) =~ B p-¢) 32 < g y?
Bld~t)m L, (300 1)~ B 3+E) | ~¥2 5 F2-3?
QU424 0)a £y (3008)~Q1~2-F) | 47 <F g 57
Plyi~fla & (424F) - @130+F) | =52 & P asi
Bls?t) m dyf(p0uf)=plsong) | 52 <F 562
@7-5t-¢) = £ (5rf)mBslap) | 60 & F e~ ;
Ble2+E) = Ay 500 t) = Py £) 60 < g7/ 5
Glebtf)m 4, (600t) ~@(c0up) | -7 % Fa-&2 |
4'5:/7/«-1’) » A (6048~ Plosop) | T <5 & 2
¢I/-7z-r) 24 (20u8) - @Y rlap) | 8 &8 <7 |
4”/‘?‘)“) =4 (7008) - YY), 8 <& 47
F(~20=5) 4, (22 8y~ Blppup) | =90 % f <=8?
L J
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D:t the interval end pointsa ¢ / has in general discontinuities.. If we 1
eliminate successively the ¢/values on the right sides of the equations of
tabls 2 we find the result:

L
" Within the intervels betwean the points O 2/ £ 22 - tne funetion @ct)

is determined by the equations

PlGa 0 |

¢I["()' ‘1{”

@eet)n 4(8)

Gr1-0-t)nd, (2+f) = 4t}

) 2 by (048) =4, (8]

Gl - E)a & (2048) = 43 (245) +4,(8)

B30 F) m A (2095) = Ay (24 5) 44 05)

B-s0-t) =2 4 (3065)= Ao (2047) 4, (048) - 4alF)

P (424 5) = Ay (3040)mtty (4] + Lof248)=4,(5)

B~ 40-F)s 4y (40 bE) = P (3008 & 4, (308F) < A (24 £) 4 4,03
. PUSEw0) # by (420 8)= 4, (R0 8) nhiy (205 1) 4y (24 1) ¢ 4,13)
! ¢:ﬂ57— ¢ = 4, (504 8) = -4’:/9/# f) 4, 030+8) -4‘/3/1&4‘) wd, (lsf) _éfi?;)
| Pré2es) e 4 (Slal) = Lif 409 8) 2 hy[3048) <4 (2 48)y bof2f) 4,08
| BU-40-3) w A (€248) = Lo (S04 2) ko (W00 1) <y (308) 4, (3045)

Ay 1248 +4,(F) '

GU7048) 2 by (0 )~ 4, (504 B) b Ay (40up) 4y (205 8) w4 (20 t)

i '41(?4;‘)1&4‘[0
¥~ and so on ‘whare S
I’ 0L f < (’)
L. _
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o b —— N

R N N aal Lol “-;‘;‘~4 . .




NAVAL AIRCRAFT FACTORY
NAVAL AiR MATERIAL CENTER
PHILADELFHIA, PA.

AND-NAMC-1488 RIPOARY NO NAEF 'm'6169 }

i 5 I 1
40) =4 Ji(7) AUEFNIFIR (57)
The velocity # of any cable point s at any time t {8 then determined by
Y2 ploect) u pls-ct) (s8)
and the stress © by
/
6_’_2_5_:0/ ,4.2“} e @rspcd)= ¢//.r-o/) (59)

This result shows that the problem in question requires addition
or subtraction of values of the given functions {57) only for its solution.
Thesa functions, determining the velocities of the cable end points can be
given, therefore, also graphically, no analytical exprassion being necessary
for the determination of the velocity and the stress as functians of s and t.
The determinatien of x {squation 26) requives an integration which can be
perfarmed graphically too,

Example 1:
We conaidsr the case of
U w [ =0, Vyo f(d) = ¥, = constant |

which represents the longitudinal impact at a finite cable whare one end point
18 fixed and the other end point suddenly moves with the constant velocity &,

In this case j’l (f) = 0) “(s /f) = _(a:_.

are both constents. The equations(56) yield
#f) o0 Flaset)e 2 % Bslut)as ¥
pit)no Bl-30-P=-2%  Prap=-3¥
Bltsyn ¥ Plats)z 2% Wlidrl 3%
Glt-v=- e Pro-fla-ath  PUG-Dae3D
plast)e g e s
¢,(‘1/"f) T = g"

o<l <l
L .
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[ 1

¢’ ;
f ¢/ '

I .

Vo |- I, 1O
Y .

-7 -5 -3¢ -7 0 [ { | ] ‘
i | | : ¢ Ky s 72 7
i A8 a0 3

| ' FIGURE 10
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’
[—Tha functian ¢(§} for all values of f is, therefore, of the shape i
represented in Figure 10, let us determine now, for instance; the veloclity
% and the stress @ in the cable point situasted originally at J‘:-J-z
o
at‘hhetimt-?a Then ¢t » ¢ and
4
fecla ’:‘}; 2, J‘-c(‘r-é.
Thus because of (58) and (59} using the graph Figure 9
/ /
cp{sa-ct‘)u g", ¢(r-c/}‘c()
= Vo )
6. - 69 " ‘-o U'
- ——— - ‘ — - .
G ("*5/¢
Figure 10 shows the atress develommsnt over the length (-,5- as function
of -;—“ . At the cabls end ,ﬁ =/ the longitudinal impact stress 6,)
determined by
8 - 6p
= %
i~ St ¢
&
| builds up at the time t « O, The atresc differenca € ~§, bdetween &,
i
! and the initial stress O¢ propagates
7' &2 fenss t f é
i &a/x b ——
! J
i ‘ 5 -
} ¥
4 s
8
3 et}
} l
> o
i sf, ,
‘ ! < Sﬁ&:a
¢ -
! 0 Figure 11 / $
. 4
!
i L_ _J
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r toward o

along the cable/O and is there reflected completely. Up to this moment
the stress value §=§, 18 constant, After the reflection we have tae
gtress G = 6, % (6 =6,) = 26, -6, , Indeed from Figure 9 follows, for

instance, st J'=p and ct - 3-':('

/ /
Plswel)s Yo,  Precl)=-2
Thua
6~02
& Yo
-1 3
£
It we substract
6'! -Go
e—.g—-— = z_o
FRVNLTY c
va chtain - . &
- & 6‘{-6‘
i o %‘ = _ &
or 1o &9 to &

6-6 = 6.=Co" .
The stress difference G, - 5, is reflected once more &t the end point = /

at the times ¢ for which %f- 2 and 8o on a8 demonstrated by Figure 13%.

In Figure 12 the motion of the cabla points is axplained for this case,

Five mass points of ths cable are considerad at different times for which

%fu e, ,JS‘J . O , e . For the {llustraiion the cable ia moving
upward with the epeed Z;‘: while the right end point is moving with a constant
gpeed to the right, The figure shows how ths elongation starta al the right
cable &nd propagetas toward tha left until tha left cable end {s reached,

Then & nev elongation starts at the left and and propagstss toward ths righu
and 30.0n,

is example contains the gsneral proof that s propagsting streds is

campiately reflected at 3 fixed cabvle end point,

The .eflection at & moving cable end peint follows from equation £51),
In this cgse the reflacted stress for a fixed end point i{s superposed by the

tress produced by the lengitudingl impact with the velooity of the moving cable‘
S PaGE 30

NAVHSQ




LI 2
.
.
.
)
i
!
.
.
. i
.
.
i

A

AND.-MAMC-L 498

~

NAVAL AIRCRAFT FACTORY
NAVAL AIR MATERIAL CENTER
PHILADELFHIA. PA,

nerort no NAEF -ENG-6169
-

HAVY =68 CHO—FHAA . PA,

FIOURE 13

i

. e i o AN e "

peToe




NAVAL AIRCRAFT FACTORY
NAVAL AIR MATERIAL CENTER
PHILADELPHIA. PA. '_-:

rerorT No NAEF -ENG~-61689
(—Thin impact velocity is negative if the motion tends to shorten the cable, Bl

ANDNAKC-3438

otherwise it is positive, Accordingly the superposing stress ie negative

or positive.

Example 23
We consider the case
V, = Uy = ?)'o =  constant
Then  P(%) =0 ¢(- = fe, Blret)n d ¢(~/-‘)
‘ Pl22et)=0, ¢(-z/-f), a, ¢/32*f)= ”- @r3l-8) = 0,

- e em e wm s e e = w = --.—-—-—‘—-....\.._.-.._._-____

Figure 13 shows the function ¢{{‘) Figure 1§ demonstrates the motion of

five mass points of the cable. The point J‘aé-? bas always the initial stress
28\

Yo
¢

N XN d - 9 & 3 9 s 2."

; Figure 13
Example 3t Uniform longitudinal motion of a cable,.

/
| Under & uniform motion will be understood s motion for which ®/f) = o
tor £ ¢ (see Figure 15),

A /
| ¢ 5

. amirsmny
K .

o ey
] .

0
“
Va

L Flguare 15 ]

f
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r 1

The formulss for the velocity aud the stress (58) and (59) yield in this case

G~-6 /
-—E——'O/lq‘-g’ = .g: =‘¢(J'4—C’Zl}

The cable is situated initially between ths points s = O and 8 = 7 and
' :
therefare, for each cable point s the value ¢{J- c/j ¢ 0. Each cable

1
¥
ST u<,.a~<4;‘;:zm=<u-.bu}w

S

point - one after the other -passes through the same velocity or stress

distribution with respect to tims. The velocities of the cable end points i

N R 7 2N o ¢(/c/) LY =J§/z‘) =¢ ¢//'2¢a/)‘

/
If ones of these functions is prescrided the function ¢ is completely

determined and sc is the other of the two functions, If the prescrided functiom

for instance J: (?) is free of vibrations ths resulting function |

s At At B g b e

Jf {¢)  saterminei the motion of the end point 5 : O required for
s ylbvration-free moticn of the total cable.

Nl SN S i 3 5w s anes e st .

rood

i

'y

i

B

§

3

:

L ~ - J
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r'.Z. Approximate Formulas for the Motlon and Stress of g Finite Cable o

From the result of the preceding section, we derive now scme simple
approximate formulas for the velocity and the siress of & longitudinally
moving finite cable, We write formula (58) in a slightly different form

£ -¢'(é.’.+/) - P(E-4) (60)
vhich can be done because ¢ lin foarmula (58) is an axtitrary function,
I we writa, for instance, Plsech = ¢'ﬁ{g +z‘}/ then this is an arbitrary
function of % * f which we now denote by ¢/
Any function ¢I(C) can be composed additionslly by an add
and an even function of f 8o that
D) = BE) + B8 (6)
where thes functions Q? and % satisfy the conditions
Bl-€) == BLE), B(-C)=B(). (62)
For the derivatives of such functions hold the relations
Bl-€) =), BU-€) =~ B¢
QU-£) == Bt) . QU-1) = B (S) (63)

N e em ® W wm W er e e mm o e g R UER A e R e ms e a

Accordingly *‘g can e written in the form
b Bl et)r QUEot) e BUE-t) w B (E-4)- (6

We assume nov that the finite cable is aituated initially between the

i

points .S‘:r-; and $a 32 .and has the initial stress €, = constant,

After a certain time & VALl be omall compared with ¢ and the functions
in formula (64) can be expanded in Taylor saries of powers of éf .

Reatricting the expansion to terms of the first power we obtain approximately
/ /
La@)e QUWE + 901+ 55 OLY E
/ /
+g{z)+7§ QUWE « @ LL) + /J; @l d

- J

HAVY—K S SKD=PHILA., BA, PAGE U2
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£
* , This ylelds because of the relations (62) and (63)
3 8 ‘i) £
i | z = 2/42{&) "'Q(“)E’/) (65)
J i v If now the velocities of the cable end points (see Figure 16)
5“5 ! Sa- 4 and &= -Z are prescribed for r>o by the functions
E ! P4 e
L v=f0E), o =-j;(z‘)
I
g ; _ the two unknown functions in (65) must satisfy the condition
g
L LI 4l £ V=LY Vow £74
- Sh )= B - @ 1) & [ = é £l
& . |
v AL - ‘o L PP 4 fao0 $
g | 3 J.’CA")- g/f) +¢?/f)‘;‘; *"2 * -
§ Figure 16 ;
B :
E from which by subtraction and addition follows ;
Q) = 5 (£~ F) (¢6)
- ;
L/ 67
If we substitute these values in formula (65) we obtain
&
Lo sk (fhsdth) v # (4 -fh) E (68)
which describes the velocity & of any cable point o [—-{ £5 g ‘.'_:' )
at é.ny time appreximately.
For the strea.s € follows in the same vay from ths general formula
Y / J
s
£ = BlE+L) - @E-4
™ §
the approximation
efo (69
/:E" a e/@(z‘)-& ) £) )
(- ___\
PAGE U3
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— J
. {The values of ¢j[f) and "}g (&) can ve computed Ly integration ‘

respectively differentiation from the formulas(d6) ana §67) so that

Al
g-:-g’ : ¥ J
/*@%' = Zf‘-aﬂ,;{(e‘)—j/})) Al + ?/J{,_ 73 +J{/2",y o (70)

The constant of integration has been chosen equal zerc ia this formula so

that for S =6 and &=0 the stress & = 6y . It should be noted

that the initial conditions & =¢ and &= 65 for f.-.o cannot be
satisfied anymore in general for all values ' due to the approximation,
Formila (70) showe that ab any time £ the stress distribution
over the cable is & linear function of ' ., The first term on the right
side of formula (70) represents the term belonging %o the static stress
since the integral represents the elongation of the cable with the initial

length / at the time Z‘ « The second term is e correction containing

’ /
the mean acceleration 2?‘ / J2 (¥ ﬁ[ (z‘)/ of the cebls.
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. 8. YVerisble Initisl Conditicns 1

- In the preceding problems the cable was initially in rest ( &, = O)
having a constant initial stress ©, , We consider now the case that .:.
initislly the cable is already moving so that each ceble point has an

individual velocity &, wvhich can be different at different cable points

and that the initial stress &, 1s varisble from point to point too.

- We agsume that the cable started ites motion out of rest and zero stress
. and denote by & the abscissa of a cable point in this condition., The
actual initial position of this cable point where it has the velocity 4o
and the stress €, wa desnote by X, . Then U, 6;’ X, are functions of &
Xom X, (8) | U, = U(S), G,e6(s) {71)
which represent the given initial conditiona.
We denote by (@  the density of the cabls material at zero stress,

The considerations used in section 2 yleld now

2% %gﬁ
- £atr = 95
| Px
{ g‘g =55 =/
;’ from which follows: D% 2 ¥
vt
where : é‘
C = =
I

For l‘- O isnow X = X,,(s')instead of A = Ybefore., The general solution

of the last differential equation is again

x= Frsecld) ¢ Ges-cd)

and tharefore ,
U éi = Fteweld) —G,(‘f—cf)

o € o Flowel) »Gtomecd)= 1 .

? £
|

For /=0 we have because of the conditicns (11)

: L ‘_]

NAVY=—HF® 4ND~PHILA., PA, pacz U5
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- Xo($) = FUs) + Ges) (_')
T2
UelS) . Fis) — Ghs)

e = ') d (73)
_6;..___é D = Fes)+ Gtsd =/ 414)

¥e integrate equation (73} with respec;:. to & and obtain together with (72)
Fe)e § (xoc + 4 [a, 8045 + %) (75)

Ky

G(s)w 4 (ats) - g:j'u,m rd {16)

where W is the constant of integration., The positicn of the cable point

¢ st the time /' 18, therefore, sucd
X = 'Q‘L/Xo(d‘l-cllj w X, (S=cd) + /%U‘) af 7 ()
g-ef ,

& formula which has been derived at first by d'Alembert,

For the vélocity & we obtain

6505 wed) = 6, (5=l
? - -al[ e (S +C )g (5S¢ +c-'l(£/,/.r¢c/) - U, (.r-cj)y (78)

For the stress followvsi

i g = %} -/ = j [x./(wwf) - £ ua/m4r/J)

’\ &ﬁ(xg’(f-c(‘)--é U.{J‘-cz‘))—/

PN L s N B Ta Airtae a7 1, LN R e eSS ns

snd gince
. P /
I 2‘9 = X08) -/
f£inally
1 -
] ! g G‘O(cht‘) - 6},/J‘-c‘f) - t'f,(J‘w('Z‘) -2, (.-s‘.('/) 7
e ° 3 I3 e / (19)
i The formulas (77), (78) and (79) determine the motion and the stress af
- the cable if the initial conditions (71) are given, The formulas shov that

! these conditions are satisfled, indeed, if wve set L 0.

{ L a

}‘ NAVY PG 4NO~PRILA., BA. PAGE h{)

. . . R N R R e A R
e : i . RS . ~ ° L .




o e e een . : . " T
4O KANSSB4ERA (BEY. T4.88) REPORT NAFACT-ENGNAEF -ENG-61569 |
PAGE L7 :
- !
| r 1
" 9. Reflectio. Jf 8 Longitudinal Wave at a Fixed End
Vo assuma that the ceble is in rest between the fixed endpoint

0 and point Q having hare o (G ) | (6y)
-0
5 the stress G, . Between o “° Q R U

X oend

points Q and R the cable stress is assumed to be equal G:z produced by

& longitudinzl impact with the velocity &, at the cable in rest with !

. the initial stress 6, . Q is propagating toward 0. Now
62 - O

£ . 4

X )
/ » ya ,
vhere '
¢ (1+ & = |

= - -
' &’/ fp

Whan Q has reached point O wvhich is a fixed point a nev impact cccurs,

|
|
If 0 would not be a fixed point {t would move with the velocity Uy to }
{

tha right in the moment vhere Q coincidse with O, B8ince, However, 0 ie a :
: fixed cable point it scts on the cable segmant QR vith the relstive velocity ;
K U, tovards the left producing a stress &, detaminad by 1
|
) G:, o €l !
£ a U '
| vhere PIVR- Ca
&
. Now <
] &
{ fo . *E
%, ;o G
. Tharefore &
!
6‘3 - & s - Gg
| E ’( &\ & ~—— /( £, \ &
—_—— v =)= - - ld =t ) e
H = e e S
e %' }/ = ) i Ees ;g} S/ Py
’ L_ —l
! chev. by sEBE, PuENL,., P4 .
- —————— - - - - —t
i
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*e or

6, = 6=
Gy = G,

oY

6y =6y = -6

The incoming stress diflference is campletely reflected at the fixed
endpoint,.*

o

PR

{' *Compare ¥, E. Marbls, P, 47, vhers a different result is obtained.(ref 12) -

: L -

"' cevveaupe due, PUINA,, P2,
e & . - - - . - -
bt A T ¢ - Pt
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rCEAPI‘ER IXI: Longitudinal Interaction Betweer Masses and Cables i
1. Motion of a Mass by & (able ‘
’ - We solve at firet approximately the following prcblem, A mags
attached to the end point 0 of a cable with the length j , the cross
section ares & , the elasticity modulus £, the mass density © st
: zero initial stress is pulled by moving the other cable end point 7 with
] the constant velocity V, . The motion of the mass and the stress in the
rable have to be determined, The approximation in the solution will result
fron the simplifying assumption that the stress in the cable is constant
along the cable length (but veriable with the tims),

Ya assume that the cable 13 situated along the x-axis between A = O |
and &= Z (ses Figure 17) the mass /7 bel.g attached to the cable at the
end point X = O . During the time £
point 7 moves about V,/‘ vhile the o £ ~ Vo

O
mass /77 in O  will descride & path 4, v
Under the assuwmption of constant astreas Plgure L7
‘ along ths cable the streas follows fraom
§A 6 VA
E" T3 | (80}

P S—

Z{,/—X being the ealongation at the tima f . The mase /77 l8 moved Hr

the tension 7 = ?G’ » Therefore, accarding to Newton's law
0/:’ ‘e E
Ve 77 7 X 7 2E (v t-x
t‘: @ - o .{’ [ oZ‘ )

Fe gl x - BEN L @)

The mana /77 is assumed to be in rest at s tims [":0 80 that at this time

5A X=0, x=o0,

L J
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r’fhe solution of the differential equation (81) under these initial o
conditions is
Xz %/4"-—% sir ewl) (82)
vhere 0% = _f—-_z'
2 (63)

This constant can be written slso
32 cg Trnéle

Q@ = :;. "7;7— (Bh)
vhere € = /g ad 7p4/em p3pd  the constant € being the
longitudinal wave velocity and /77, ,4/, the total mess of the cable. Sub-
stituting the value of X from (82) in formule (80) we obtain

& - te 2 _ ' el (85)
ETT Yo

This result shaws that the stress vidrates as sin a)/' , that its
!

Lr -t
smplituds is proportional to 5® and lo the root of the mags ratio )z, Yo *
The streas maximum is reached at the time
7 i
x a——
S
i and i3 dstermined by
Srrra < - ¥ M., (86)
g & < 77 o4 bl

This result {s represented graphically in Figure 18, The velocity following
from (82) is plotted in Figure 19,

Tha exact aolution of the same prcblem can be derived from the general

theory of Section IT €, The motion of the mass /77 is descrived by an

. unknovn velocity functiem
i AR IN A7

while ths motion of tha end polnt v = j {8 givean by

Vo = K/E) = 2 = comstarit.
Applying the general theory we have accarding to {57) (87)

Aa(f) g"
L- _

} PAGE 51
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T ]
The motion of the mass /7”7 is determined by Newton's lav
” v, = ?‘ 6:: s0
vhere / /
Osa0 = ¢’f€l)“¢/—€f}

accarding to formuls (59). Thus , ,
ms;' = Qﬁfaﬂ'f) - Pl . (88)

The unknown function ¢I/§) ¢ maoe®™ 48 -connected with
bit8) ~ & fi(f)
and ;),{.f) = %3 by the formulas (55)- Setting
f--C’("

h(5) = 4 A4

and AN 2 olh,
v, = r: = df

Thus equation (88) can be written in the farm

dhE) g & s ale — bt .
L = 25, (010~ #18) (0

Ve consider now tha time interval for which

0<§=C‘f<j-

Por this interval the equations (56) show that

) mo, PC-£)= hE).

Thus (89) yields

we have

odh, _ _ 2 E
2,7}" 7€

£
“("e_‘?”?'f

-

A

2 ’

vhere C 18 s constant of intagration. Because of f = Cfé this equation

is {dantical with

v, _ _
?..(f‘a

- -
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| For [“-»o we obtain '

(Vf 220
¢ = C

The motion of »7 _is assumed to start from rest, Therefore ({ =0

and h(f) =0

or Vv,
-E" = O J(or' o < f < /'
This shows that the mass /77 does not move until c/ = / in accordance with
the fact that the disturbance due to the motion of the cable end point &= j
needs the time fa g in order to reach the mass /77,

We consider next the time interval for which

2 <ot <2
If ve replace S‘ by s f the variable r is restricted again to
0 < f « f
Equation (89) takes the form ; ,
Lpltet) o o (P1et) - p1-4-0) (50)

Fram the third and fourth equations (56) followe
PUet) m Pl=-t-F) = 2 htt) = b (¢c8]
n 2 -g-‘-’ - 4 (4% f)

and equatian (90) yields

3 28 (23 - 40445) (s1)

vhich is a linear differantial equation for the unknown function é, of

the variable 4w 5’ . Its general solutiom is

E*’zeé,{ia-f)a--?%'*ee'%g‘(!*” (92)

vhere ' is the constant of integration. For fmo or &3  the

nasa /77 begirs to move fram rest, Tuerefore, gf = 0 for (fwoO

Equation (92) for = O yields 2€

L Yboa¥ 4 Ce m' zo
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[Thus y  Bad -
(=-2zc¢
and the solution {92) becomes - g£
¥ o= hlet) =25 (/¢ (93)
vhere (‘(L = / - f')
o< Feld
Next we consider the time interval for which
3¢ <t < 3/f

and replace § by 27+ § vhere novegain O < f < L.

Equation (89] takes the form , ’
dh(2lel) | ZE (PCafat)- Fl-2-F)).
dl(2¢+8) mce?

Fram the fifth and sixth equation (56) follows

$Ulst) = Plst-t) = 2h(dus) =24 (F) = 4 (2L45).

ve foud A, (F) =0 tor 0< < £, Taresore

This linear differential equation for 4, as function of £« [° has the

gane form as equation (91) and has the gensrel solution

.y, ¥ A
?V,. - /'z(Zé’*f) = 9 l";c ‘L@g %z.g(-?/#f)‘ (95)

The constant of integration C’ follows nov from tha considerstion that the

velocity ¥ for (2¢O must be the sam as the velocity ¥  fallowing

fran equation {93) for = j Thus 2l
2% L0 ',%céa 24 e (1~ e~°""f/
c ¢ =<7
ry
oF [’ :-2(7.'% e%c‘e’
a8 bvefore, The velocity of the msas #?7 in the time interval
ol =20 +1
ve f «f
L ._\
HAVP=—UIS MO—PRILA. . PA PAGE 55
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r;.a therefore determined by £ ]
y B e
Yo hrter) =2 f(i=e - (%6)

Proceding further in the same way we obtain stepwise the exact
golution of our problem, After V, = Fi (?)  tss veen determined the
mohion of any cable point and the stress in any point at any time follows
from the consideration of section II 6.

The same procedure can be applied if the motion of the cable end
point = i is given by an arbitrarily prescribed function
instead of being constant equal U, .

MAVY=PS AND=PILA., PA PAGE 56




The provlem to he solved in this section 1s the opposite one to that of

the preceding section, A mass /7 attached to a cable has to be accelerated

in a prescribed mamner by pulling it with a cable. The motion of the cable

end point which produced the prescrided motion of the other cable end point

vhere ths mass is attached has to be determined,
We aasume again that the cable is situated initially between the points

Sa¢0 and =4 , that tha initial stress is zero and that the mass 7

is attached to the end point <= O (see Figure 20), We denote the

prescrived velocity of the mass in <=0 by & = 2/Z) snd the unknown

velocity of the end point cad by V= v(¢) « Accordinglto.the tasic

HAVV-RPS a%0~PuaitLA.. PA

W NAVAL AIRCRAFT FACTORY '
o ‘- NAVAL AIR MATERIAL CENYER '
PHILADELPHIA. PA.
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T rj? Prescribed Acceleration of & Mass by Means of a Cable 1

A mbeas LAY i

ATt

formilas (58) and {59) the velocity W (S, &) of any cadble point « at
any time ¢ and the stress O in this point are connected with the
’ :
function ¢5 by p
/ :
U = %7 s-ct ,
/ ;
§ s Pltswct) - @'s=ct),
o (98) |
Now far &= 0O the velocity i
x‘ a a/z‘) \
is prescribed and the squaticn of motion of the mass /27 is j
A e RO,
For & =0 the equationa (97) and (98), therefors, take the form ;
/ / ' i
- " -B 1
¢,/c‘t‘) Pl-ctl) &, ,5
, L] ‘€
Plet) - @l-cl) « & w |
Setting ct= s: ? j

ve obtain by adding and subtracting thesa equations
/ '
~ Ly L
@/(:) <i(¢ &5 %), (99)
- = l —ef -— 'gL' , .
Pr-f)= $ (¥~ 25 &) (200)
L I
PaGE 91

X | N et LA R it



R NS A S RO w«ﬂ}ﬁﬂﬁwﬂuﬂmn«\ﬁm A P I T T o L A e m oz

IR

)

—
5

<

=

J-
5
R
2

[

= s
£ o
i o
o .
s

-

-

ARBRANC21683 Jagy,

Aot

oviinaientis

-3

o
o
]

g

FIGURE 20a

Yo~
Xy

2!

———

FIGURE 20b

Pa.

AVV.mPe 4B, PUlLA,,

P T T




NAVY=NPE ARO~PHILA., PA,

ST s T SSRGS b n L m e e AT RA TR TS T T [ I LM AT TS 2 boame s yr 4 e o

e e - C ey

NAYAL AIRCRAFT FACTORY
o NAVAL AIR MATERIAL CENTER
PRILADILPHIA, PA.

AND-NAME-2288 rerony no  NAEF-ENG-6169

Ehus the runo’cion ¢ {s datermined for all positive and negative values T
of its argument by the given function % / 2‘) and its derivative 2 . -
However, if the mction of the cable end polat is supposed to begin at the

time (‘ao the values of & (’Z‘) have to be prescribed equsl zero

during the time / for which O < cl¢ & ‘because the stress wave needs

4

the time C£ to travel from S = / to =0 . After the time &
the values of 2(//) can ve prescribed arbitrarily, The wiknown function
V(%)  1s then determined by the relaticn
;_~K=¢,/(+§)*‘“¢///- ) (101)
following from formula (97) for & = Z wma ol !,
Ve consider at first the example where a mrgs has to be moved with a

conatant acceleration. In this case
uU=0 tr 0< (ool < ¥

u:-z({‘-.{) foo $acl > {

Q  bsing the prescribed constant acceleration of the mass. Accordingly

uzeo 0<§-c/</
u=Q f‘:cf»"t’
In Figure 20a the valwee of % é.f and é 2{“‘ vhich determine ¢/§)

(see formilas (99) and (100)) are plotted as dotted lines versus & .

For positive values af ; these values are added and for nesgative values
/

of §' subtracted giving the solid cwrve % . According to formila (101)

the g values are cbtained and plotted in Figure 20b.

We sae that c}"{ starts with a finite value and increaees linearly with

l‘ up to the time ft '%-i + Here it jumps back to the preacrided

valus é—f and coincides further on with this valus, Tha result can be

explained in the following way. The sudden motion of the cable end point
Sed with the finite velocity 4 Z% . ¢  produces a longitudioal impsct

2
L £? N
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[stress vhich propagates/the mass 777 and is completely reflected at it. 7]

Ths reflection runa bdack tovard the end point -/ and would be reflected
there once more if there would not be a negative impect represented by

the Jump in the V= curve which cancels the reflection., The impact stress
vhich is completely reflected at the mass /77 and, therefcre, doubled in
magnitude, begins to move the mess. As 8Bcon as it moves it tends to decrease
the stress in the cable, and therewith, the force acting on the mass.

Such decrease in stress, however, is prohibited by a properly increesing
velocity ¥V . After the discontinuous change of V at the time Fa ‘%—‘f,
the stress wvhich is equal twice the impact stress remains constant because
both cable and points are moving now with the same acceleration,

The gensral case of the problem can be solved in the same way (see
Figure 21)., We assums that a desired acceleration £ of the mass
beginning at the tims i;fa; is prescribed, We plot ths curve ;‘,f é,z; "’
versus { - c(‘ , integrate it graphically starting from f = ! and plot

:éeg . The sum of both curves gives (ﬁ/ tar >0 . The
difference of both curves gives ¢, tar < O (see Figure 21a), Again
farmula (101) yields the valuas g‘.’ (see Figure 21b) which have the
curve g as an asymptote, |

It must be noted that the general problem can be solved in any case

graphically without difficulty starting from the graphically given curve
N < Iy
2 Eg “ -
careful control of the cpeed Y of the cable end point ”9 and will be

The practical realization of the solution requires a

easler todbtain, for instance, in the case vhere the acceleration uf thn
mass approachss a constant valus (as shown in Figure 21) than in the case

vhere the const&nt velus is required from the beginning of the motion,

- !
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r3—. Influence of a Mass Between Two Cables on the Stress Propagstion 1

We consider now two in general different cables in straight position
which are connected by an inelastic mass /77 . The two cables are distinguished
by the indices 1 and 2 so that, for instance, £, 18 the elasticity
modulus of the cable 1, We assume that the two cables are situated along
the X axis and that especially X 1s the coordinats of the mass point /77

(see Figure 22}, We agsume further

Ea, /%, n E, A, P
4. s"d 9 R
-1/£ —_—
¢ /k O] Ve
Figure 22

that the gystem is initially in rest and hass actension 75 . We let

nove nov longitudinally the end point 7~ of the cable 1 with s constant
velocity ¥  producing in this way an impact tension which propagates
along the cabls 1., The problem is to determins in which mannar this tension
propagates over the masas /77 and alang the ocable 2 and how the tension in
cablae 1 changes during this process, For simplicity we assume that all
stress ratios g are negligibly small scmpared with 1, Then, especially,

the laengitudinal wave velocities in the two cables are
' /E, [E .
C, = r—.: ) (,:2 - ?;: . IM)

The initial stresses in the cables 1 and 2 are

7 o
6;9/ = ;: ) 6;:. = '?",i
% €r = P b es)
L d
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r'l;hﬂ stress 5; ; induced at the cable end point P dus to the impact 1

with the velocity VY%  is given by

6, - 6o, Vo 104
Qr
6 = 65 « ¥, JE (105)

The corresponding induced tension 7, = 4,6, . We assume that the stress
vave arrives at the mass at the time /= O , The stress difference O, — Gy,
is reflected completely at the mass which s at this moment in rest,
Immediately after the reflection ths stress on the right sids of /77 {3,
therefore 6;. aﬁ,,+«2%l/:‘?,

. PRy (106)
and if /77 nmoves with the velocity x at the time /

§ = b +2v, JEB, - X [en, (107)

according to formula (51), The stress on ths left side of ~»77?  produced

by the velocity X 1is according to the same formuwa

6} = 6, w X /E:F; - (108)
Tha corresponding tensions ars
T as < fIER (=5, (109)
7 = ?36;1*%}@:";' (110} |
The equation of motian of the maes 777 is :
mie 7 =T
or becauss of (109}, {(110) and (103)
mi . 29 /e0 = (%60 +5 /80 )x ()
We dsnote :
4. 2 m, % V& 7 4 3,)E 2)
ry 77 ;
L A
page 63 4
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v !_Then the velocity V = X of ths msss /27 setisfles the equation 1
i"ﬂAVo—BV. (113)
i h Integration of this equation under the initial condition V=0 for £=0 yields
i
‘ -84
g X - A(/-¢ ) .
) Y% B (1Lk)
-[ vhich determines the velecity V of the mass /77 . From (107) and (108)
i follow wvith this expressior for V' the values for the stresses cn the '
. , right and the left side of the mass
6. = 6o +(20%=V)V/Ep, (15) ;
6 = ¢ &
Y] ez FYIGM (116)
The correspanding tensions are
(-'
7; = ?, & J 7‘; ° ?:2. %
and €, 6,9 satisfy the condition (103) A
7; 6:7/ = qg, 6‘01, = 7; . |
i i These formulas daseribe the stress development in the two cables
{
edjacent to the masrs 7 a8 long aa no strese reflsction fram point r
t reéaches the mxass 77,
. The farmulas (115) and (116) cen e writton also in ths dlmenaionless
i
: form
6 G, U -
-;‘C = o +* e {
( &y £, e, ’ {117)
: N O S (118)
i‘ & =¥ 2
f becausa aof (102},
{
v
{ !
; L -
N I HAVYPE AND~SUILA ., & PAGE &‘
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4, Special Cases and Applications

. &, Twvo cables attached to each cther by a negligible msss,

If /77 decreases toward gerc the constants A and B

become infinite and (114) yields
‘! ?, ‘ E; {'I
'/ }F'._‘;; ol N LN

Introducing V  from this equstion into the relations (115) and (116)

—
-

X
‘ %

for 6,_ and §, wve obtain

%VERm VEM
7’ ,JE'F: ¥ ‘?l *Ea s

6;,. = 6;, +2Vo

and
6, = 64 + 2, a, 1w (& 0, | |
Thua 9, /&7~ 7 | Eube 1

We haww now

?1/‘;:6 ‘ %)‘gf’;

T -7 = 2y
r e o . (ll9)
The impact tenaiaon 7;' produced by the veloaity V; {n tha cable 1l
i3 bvacause of {105) given by
T -7 = Y & FE&q, (120)
l If we divide (119) by (120) ve get
| i : (121)
! . = 121
- 7: b 7-9 ! ¥+ .Z' E_/ v
L P ¥ Fi A
%’ Ths physical meansing of this formula becczes obvious if we introduce
the lomgitudinal wvave velocities ¢ and C; instesd of the elasticiiy
(. | soduld.,
\ !
L -
PAGERS
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FIGURE 23 PAGE 66 .
TENSION FORMATION IN TWO ;
r ADJACENT DIFFERENT CABLES 1
r-Ts !
T-T '
2.0
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oo 7
A 2
= ‘
77 — 7: !/ 4 il {D’ Cr
P Py
Row

= g0e . fac BBG

ars the masses of the two cables through vhich any tansion wave propagates

per secand 6o that formila {121) can be written a&lsc in ths form
LALNA 2 (122)

—_—t -—-—T

7;— 7; /- /“

Figure 23 represent: .18 result graphiecally.
The formula shows especially that there is no change of the tension

if a tensicn wave propagates over the connection of the two cables if
and oanly if
A = Ay
For two cables of the same material [E, » £y, fep)

formula (121) takes the form

o;;_:_i;a-l-:-?z (123)

which showa tost wna wenB.uw wauureases if 1t propagates from ons cable
to 4 secand cable of larger crces ssction aea,

b, Masge betvean twvo equal cahlas

HWe apply the general thsory of section III 3 to the case where

f."l‘-:E‘LnE) {Qa{}a(ﬁ) ¢~y =G

Then r—
AmB = i%'jﬂ o (aaw)
\

according to the formulas (112) and (114), Since nov G, = Gy = 6o
the relations (115) and (L16) far G,  and o‘J ield

L. n
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r- %E-:E’ e /& é— o
= 6, ;‘ (125)
&% - % - /- e_B_
§ -6 (126)

Figure 2L represents this reault graphically.

The incoming stress is always completely reflected at the mass 77
This case is not quite realistic because no mass is actually inelastic,
In spite of this fret, 1t shall be used hsre for the determination of the
influence of a sheave on thea stress propagation. We replace the mass
of the sheave for this purpose by the equivalent mass on its rim and
corsider this mase attached to the cable. For a Mark 5 arresting gear
shagve, for instance, this equivalent mass ig

mm ) Lbe o vec S FE
For a 1" Clameter csble is asccording to table 1 of gection I §
Ew s 10 M), poibr M wllf]
@ = 0 00274 S

The constant

3:’3;?:;7‘;%’:..@&0

in this cesa, Figure 2k shows the remarkable fact that the sheave turns
80 fast that after 0.001 seconds enlv one-thixd of the sccurulated stiess
13 left and that after 0.005 seconds the atressss on both sidss of thw

sheave are practicslly balanced,

L _
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.. c., Determination .of Links for Strain Gage Measurements

If a link is used for a strain gage measurement of the tension
in a cable the result of section III ba should be considered, The link
should not obstruct the tensiog‘propagation. Therefore, the diameter of
the link should be chosen. so that
. M= A
It E,, G, % are the cable data and £z, #,. %  the dsta of

the link which now is considered as the second elastic cable ¢r bar then

& IER =2, Jan, (127)

is the condition whish has to be satisfied. For example, we choose a
El = /8.3 N %/f/ , {’; = /P, /2 ﬂv J"Cg/J{g .
If the link {3 a steel bar vhere
- I's 2 2 ;¥
E, = 40.7. 0" U)st7, O, = /55 Hy . vec/ S
i equation (127) ytelds
| Fo = 07339,
1 as croas section area of the link ?" being the metalilc c¢ross section

area of the cable,

d. 3tress Propagation through Three Cebles

; We apply the result of III ba to the solution of the following

problea: Two cables C, and C'z with infinite length are connscted by a

e g

third cable or bar ' with the length & vetween (§ and ( (see

Figure 25). The system 1a initially in rest and has the tensicr 75 .

e ity
L3

Lrn d el
Along a a tension /, propagates towvard ( . The teasion within

{ tha cable (' has %o be deternined as function of the time / .
!
; A“ L_ —J
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Pigure 25

We denote, as defore
/4,-?'{’,0, ) Pas ffy S /‘2?’«’”6
whare o = /E . C‘,,=/—F—" ) £ = /_f_
' '(3; B) P
If the tension 7: passep over the comaaction P vetween (',l and C/

it changes to the value 7, dstermined by formula (122) which,

applied to tha present case, ylelds

=% _ 2 .
7: - 7; / "';/,‘,'
The tension 7; propagates along a and (’ « If it reaches

the connection Q betveen C’ and C’l it changes to the tension 75

vhich again isdstermined by formula (122) yielding here

K-% _ 2t
7-7, T e M
Thy teunsion 7; proma&n alang C' C‘ « If 1% reaches point ~

it changes to 7, . The initial tensicn ie now % , the incoadng tension
7; . Therefore, formula {122) applies in the form
% -7 2

‘73‘_7; = I+FZ/“‘.

74' propegates along (7, and (' and sc on, Thus

A
L PAGE T1
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. =
Te=Ts .. 5-Te 2 -7 2 ,
> - P L.
=T I+, TN kL, "= it
and so on, If 7:, 7,1 and the ratios ﬁ, and /;‘-9% are given, these
formilas determine successively 7;, 7;', ... » The time for a tension
wvave needed to propagate from r to & s egqual g + Thus the tension

at any point of C at any time can be computed.

Figure 26 shows the result of the computation for 7;30 and the values

= fs?
5= =

far the center of the cadble C . If C is a short elastic link thia

and

figure proves that the increase in tension is damped out in a very short

time since g is & very small qusntity,

I, far instance, the cebles a and (: are 1" diameter cables,

a8 used before, s0 that , &
f,-f - /8,3 10 Jd,,//i " (D/:(Di‘u ", 72 dfa..flc//lll

§; = G = 0.00274

and the link {e a ateel bar with L,
2 - /S w 7"
E:W.7~/o°°(4,/# o /5,15 4. v’/

lat S, ¢=0003 su5 f°
which has the same diameter as the cables we get

/;‘f /fa £ /; - 2,72

Z,- ¥0 0007 JC.

and

The maximum tension is {n this case given by
m“ /7" b- 4 /‘ ‘96
Thistensian is damped out to the value 7,' in about 0.0005 saconde, However,

1t mist be takan into cansideration that this maximum tension actually occurs

and not only in the link but also in the cables attached to it,

L .
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CHAPTER II: TWO-DIMENSIONAL MOTION OF A GABLE

1., Mathematical Description of the Two-Dimensional Motion,

We assume that a cable 18 situated initially at the time Fa0 along
the x-axis of a rectangular X, Y coordinate system (see Figure 27), and that
it has at this time & constant initial stress 6, .

The cable movead with increasing

T+aT

time f' out of this position y CABLE AT

TiME ¢
within the X, y = plane,

A cable point with the initial
x-coordinate & and the

initial Y coordinate y = 0

has at the time Z“ a position

X, y vithin this plane,

g

// /
(45 / G’Q“CONST. X
S

0 CAaLft‘! . AY
Xand Y are functions of & and & TIME koo

FIGURE 27

| X = $(54) y-g(m‘)

1 ' (128)
| If we keop  constant, these two functions of ¢ are the equaticns of

the curve vhich the fixed cable point  describes during the motion of tho

cable, If we keep L‘ ccnatant they are the squations of the curve along
{ which the cable i{s situated at the fixed time /' . The variable parameter

S carresponds to the cable polnts in this positison., The two functions

[ Ty

(128) are not completely erditrary functions, They have to satisfy the

conditions

"
]

j(J‘, o) = & | C?f.r, o) = 0O, (129)

: L 2
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i r5\.\::‘1:)3 the motion of the cable, it is generally distorted so that the T

distance 4S5 Dbetween to neighbor points & and ¥ 4S8  in initial

position ehanges to & distance A,S‘ at the tims / resulting in a tension 7

in the cable at this point which will be generally different from the

initisl tension 7: « The tension 77 is in this wvay a function of &

and & too and so is the angle © batween the cable element 45

and the x-axis., This angle is defined as the angle about which the positive

x-direction has t0 be turned counterclockwise in order to coincide with the

direction of the cable element which corresponds %¢ increasing & values,
Again ve assume that the cross section area @ of the cable does not

change with ths motion, The stress © in the cable point corresponding

to ¢ at ths time ¢ is then lefined by

&= ';-' (130)

and is & function of & and l‘ too, Tha density however changes now
wvith 6 ., We denote by (0 ths density of the cable under its initial

stresa 6; = counstant and by Q, the density at zero stress.

-~
¢t .

L. ._!
PAGE ’7.5
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' 2, EBquations of Two-Dimsnsional Motion and Stress T

The eqﬁations X 3./(‘,'8 [)., J=3(% ¢)  which descride the motion
of a cable are completely arbitrary functions excep® that they have to satisfy
the condition (129) if we admit arbitrary forces acting from outside on the
cable elements, If we suppose, however, that a cable element moves under
the influence of the tension within the cable only the functions X = f/C £ }
and \}/ = j( 3, 5 have to satisfy certain conditions to be derived in
the following.

For this purpose, we consider the element A.ef of the cable at the
fixed time ¢ corresponding to the element 4 at the time F=0
situated between the points § and J +dJS  (see Figure 27) on the X-axis.
The componsnts of the tension 7 in the cable point corresponding to &
at the tims /’ are :
TC’N 1) N Té-v'w 9
in the x -~ and tha J~ direction, In ths cabl? point corresponding to

S a8 6t the same time ¢ these components are
7— 9 Q 7' y 2 |
Cao @ s‘é;[nm&)dd , h&f9+0&/TJ/WQ)ﬂ$,
The components of the force which moves the element 4 .\C are thearefor:
) 2 8 s
53 (7cor 0) 25 5 T0nb) o
The mogs of the element AS is equal to the mass of the elemsut & which is

pgas

According to Newton's law, therefore
3
~°

P
/a ‘7'45" ’5?:}/" - %(7}106)‘1\5‘)

L J
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v ["which can be written in the form ]

¥ :
: %ft"'%(%a"’g) ’ z‘“’ /{D #/n6) (131) -

These are two conditions for the four unknown functions X, Yy, 6‘/ o

of the variables & and f' + We obtain another two conditions from the

application of Hooke's law,

The chnatim of the elemsnt 45 with respact to the initial element
a3 having the stress G, is equal al -as . Thus, Hooke's law

(formula (6)) yields

g~ Go
—E___m (X))
or (s g” as-»¢
/_+..§. ~ [&)" 7‘-(9 2 (.‘7/&!' (132)
e S0 @3 J‘) = ds
E
On the other hand ws have J‘
Qx  df AL,
' $in &
= Fiomo, il eI (133)
Therefore
£ AN
‘ Rr 't & y I+ =
= = cnd | oL L
5 H.g&?_ ) By T ,+§d_.f//79 (134)
[ o
{ Thus we have tha results
| The equations (133.) and (132) are the conditions which the functions
‘ x(s,8) | yes b~ 65 L) and B0 )
{ doscridbing the motion, the atress and the slope of the cable have to satisfy
1f the motion cccurs under the influsnce of the cable tension only, *)
!, Eliminating X and J froa thesas four equations wve obtain
0 far & and € alone the relations
H
]
Y
) g 2 ¢ [ Y
9 //1‘- ) 2 ? 1~ P
. - —-...§ - — ..q ) - '—-———5 ' '. - /_(2- f"b; 1
{ Y hs ,,,_c.;,"‘”@ "l ro)@) a2t T e F3es a5l e 8 (135)
& & 1
: L: Cozpare references 6, 7, & and 11 |
. NAYY—SPS ¢XD-PHILA . PA, PAGE 77
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L. r 1
?
o OO
y :
? :
l
! 3
1 If we use instead the coordinates of X and Y for the 3
; description of the cable motion the velocity componsnts of the cable point %
, :
&f xr Q_‘E > v {3?} ' ié-
4 (235) :
4
the equations (131) and {134) take iha form ¥ 3
Ry _ % ( Y ) By B /E s ; o
Y - £ e B L g = G 2y 4
g¢ s ¢ 27 et fe 7 (3 - i
- & \ “ el §
Fees 51 )
& i ’ ¥
. % ‘i AN ; ?i’ - = !’w«;;« Jm@) (138) f
m N7 (OIS B
i v i .
It should be noted that all thess giffsrential aquations are con-
linear equationa., Tharefors exact soaluilosa cennot gunerally be superyposed
[ linsarly in arder ta obtaln other exach salutioas. : .
\ o~ ? g
For small values of @& snd g" compifed vith)thie expression
gr 11‘- / s &2 in the preceding formulas can be replscad by
= [
I
[ & n S e -E:..C.f (133) ‘
} re 2 & §
) The formulas resulting in this wey have bean used by other suthora, #@ g
t{ Thare is, hw&ver, 20 essantial simplification in using this approwimation, ¥
) AP .
, » Corpare Ye¥erence 12 %+ Raference 23 8 Yor other apprcxmst‘aa
,i- L campare Telerences 21 xé‘.
AT £KD~FRILA., PA PAGE ?3
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l 3., Wave Velocities -

If a cable elemsnt moves parallel to itself so that & is constant
during its motion both squations (1,35) yleld for the stress <) the same
condition T *

26 | ¢
L e (1k0)

«

vhare £

' (rE)%

(1k1)

Equation {140} is the classical wave equation for the function G (v, &)
which has been discussed in Sections IY 2 and 3 where instead of & the
varisble X  occurred, The results of those sections applied to &

shov that in the present case the stress velue & propagates with reapect

%o & vith the velocity ¢ given by Zormula (1kl) __ € __is called

the longitudinal wave velocity, For € =0 this veloolty is the same

28 in the clasgical thsory of the vibrating string.
If ve conaidar fuzrthsr a cable element vhich has during {ts motion a

constant streas G then ths equatians {135) can be combined by multiplying

the Tirat ons by coo &, , tha second ons by 2 &), and sub~
tracting both equstions. Thia ylsalda
CH <9’ | (142)
Here & s an arbitrsry constent and
.
s i+
[N _—;“. g—‘g (lh3)

Again equation (132} s tho classical vave eguatisn, nov for the quantity
O & (@.. 5;3‘) as function of ¢ and &L and C"_ 1a the velocity with

vhich &  projogoetes vith respect to ., We call ¢ the transverse

e
vave velocity, It coincidesa with the transverse vave veloctiy j".‘z‘ of
. ; ¢
the c¢lassical theory of the vibrating atring i 3 and are negligibly

'I"_.. . - R BN . . N { &

-
e . ~

srall .

SO LT

oo C : D S SN SR ted)
¢ .
L —
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“If both values are small but not negligibly small compared with =
waity formula (143) yiells approx%mately ‘
¢ = ,'.,_ €= 0o ‘ clu‘}} :
-

Prcm the formulas (141) and (1%3) the following general relatior is

obtained

(1hs5)

Wa conaider additionally the case of a cable motion for which the stress
G  and the angle & are constants, The stress has to be then equsl to
the initial stress G, and the angle &30 in accordance with the initial

conditions, From the baslc equations (1.31) follows in this case that
13 L

°x 2
et 20 =0 (&)
and from the basic equations (134) that
X ; ?
o, H =0 (247)

The conditions (146) yield

X = JC(f) +-¢£(r) f" y= ;Z,/ﬁ)'# JZ(J)ZL

where the functions of & are arbitrary fimctions, If we substitute
thase values in (147) we obtain
£ v ey da
Jote) + 9/t d =0
for &ll‘v&iue; of ¢ and ¢ « Thus
Seer . fwmao
/ /
yo/r)-o , ’?‘/r)aa

Therelore
Ht$) = s+a, ) =a,
Jets) = 4, , G080~ £
L R
KAVY-NPS SNO-PHILA.. A . PAGE gg
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vhere 00) Q,, ,5_?) ,&, m.conata.nts and the motion of the j
cable is described by the functions

xrgf'-a-z?ovba,[", \y_-_-.&’,;.j,z‘. .-
Bscauss of the indtial condition X =& and y=0 for F=0

the-—eenetats &, and é mst be zero, Thus
X = L eald 'jwj,f.

The motion of the cable 1s a motion parailel to i1ts initial position
with a constant velocity whose components persllel to the X — and

the Y= axis are reapectively

Dx Py _
;3—28@,) 5‘%~Ig;a

NAVY= HEE CRD~PHILA,, PA,
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. f—h. Motion of Singularities ‘

Many applications of & cable especially those where a cable is exposed
to impacts lead to the formation of kinks in the cable during its motion,
At the point of & kink, the preceding results are not applicable because the
functions involved, for instance e/ S, f ) ; have no derivatives in such
point, The derived equations are valid so far only as the required derivatives
exist and are comhinuous, Mareover, we will consider in the following the
motion of 8 cable frequently by replacing approximately its actual shape by
a piecewise straight cable. Along the straight parts our previous results
will be velid, However, we have to find the relations which are valid if
we pasa from one streight cable segment to the next one over a singularity
a8 for inatance represented by an angle between the itwo segmenta.*

For this pwrpose we assume that a moving cable forms an angle with
straight legs at a point P which ia moving parallel to itself with
a constant velocity while the cable passas through the point /—'D (see Figure
28). We assume further that we are moving with the point 7 so that the
angle 18 in rest with respect to our reference system. The angles &,
and 65 and the stresses O, and C‘& in the two legs are canstant
5 tut the cable is wmoving longiltudinally |
| through the point /72 say with the
‘ velocittes ¢, and &, in the wo

legs respectively. The cross section

. aresa 7 of the cable is supposed
- to be constant, If the stresses &

and 63 would be different the

: densities (® and %  would

be different accordingly,
| ¥ Conpare Reference 12,

NAVY=NPFS 4NO~PHILA., PA. PAGE 82
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I The mass per second which passee through a marked point on one side -

of 7 must be the same a8 the mass per second passing through a marked
point on the other side of A . Thus we have the continuity equation
&uU =K u, (118)
for the mass flow of the cabie through the singularity #
A secand relation follows from Hooke's lew (formula (6)). Considering

6, as initial stress, we have

&, =G,
£ 2 Y (149)
! g' - &y
becouss (U - %, )&d . . 15 the elangation which an element of the length

U, AZ‘ experiences if it passes over the point R
Finally two more pelations are obtained from momsntum considerationa.
The momentum equation for the direction ¢/, yilelds ‘
6 000(6,-6,) =6, = QU - U coa(G~8,)~ (U .U, i
and in ths direccion psrpandicular to W,
Be rer (6,-6,) = [ Uy U 9+es (6,~6).

Therefore, respsctively

l
(6:- P tl)en(6-8) = 6 -PY, @50)

and
by )
(6;-@4 U, ) rnee (6, -®) = 0. (151)
From equation (151) follows now that one of the three cases
@) S=puy 0, () 6-6 =0, () -6 =7
holds,
Case (a): Becauss of
6a~ B ”z.z‘ w O
and equation (150) also
1
6, - (W =0,
L _l

NAVV—HPS SND=PRILA., PA, PAGE 83
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Moy 7
=
Thus

2 2
Ce=~6, = B U ~f Y

or because of (148)
2
6,- 6, = £ U U~ LU s O, (U -%)

or
G,~6 U, - U
GI ui’
So equation (149) takes the form
Y Y]
“e: ’ =
£ 2 ——
'+ %é z
which ylelds
6, =6,
Thus from equation (152)
U, = U,
and from (148)
.- {D; = (a[ 4
f Dynamic equilibriun exists, then it
‘ 2
. 6, = "3 U’ N
case (b): If &, = &, equation {150 yields
2 e
62~y a & =@
or ;
[/ L L
because of (148). Therefore equation (149) takes the form
; 6€,~ 0, =
! = = <
} 1+ & oyl
&
!
: L \

NAVY=NPE ANO—PHILA,, PA, PAGE Blb
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. qmm G‘:.’G"l ”‘2 u’) f’,‘(‘, a8 befare or if &*6; ._-'

U, = ‘/(N-%')%

vhich is the longitudinal wave velocity (see formula (141)). Corvespondingly

E
U, a /{u— %)F:.

which {- again the longitudinal wave velocity.

follows in this case

Cage (c): 1If & -6 aWr formula (150) yields
6‘2,- (01 &':' - - [Gl-rb, u'&)'

If we introduce the deansity {3. for zero stress by

Pos 1S, B e &
) & s

according to formula (15) and the longitudinal wave velocity

I)E
C. = =
(-] /bo

this equation can be written in the form

‘2 wa |\ v
’ (&) 2) . -2 (153)
§ ' G 9:.\“
i. { * b3 { v a
On the other hand equation {149) can be written in the form
v, L] '.
Y /% .
, - . < . (154) !
| Ut s
= o+ F
f Bothi equations (153) and (154) determine the velocities &, and &,

a8 funetions of and G by the interssction of the ellipse (153)

L vith the straight line (154},

{
| L A
‘ NAVY==NPS 4HO—PHILA., PA, PAGE 85
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® rS_. Obligque, Transverse and Reverse Impact ]

The endpoint € of a straight long cavle with the initial stress [
is assumed to move suddenly with a constant velocity ¥ in a given
direction /3 (see Figure 29). The cabie moves than at any time after
the impact ir two straight parts, the part % in the direction /43 with
: the velocity Y% and the part A&  in the direction from X to &
while the parc beyond X i3 at this moment at rest,
This can be deriged:by

elemantary physical considerations.

>

The moving force produces longitudinal
and transverse displecements of the
cable particles with the poasibility

that the longitudinal displacemsnts

propagste with s different velocity

) along the cable from that of the
£ transverse displacements, At the FIGURE 29

. same time & particle at (Y obtaine a displacement in the divection /2

L while a particle at A obtains a longitudinal displacement in the direction
toward Q « After these sudden displacements no force acte on the two
particles anymore., They are moving now with constant speeds, From the
homogenity of the material and the conatancy of the cross section, it follows
that the momsntum magnitudes at points 67 and A must be at any time
tre same, Thus the stresses 6; along P@ a.ndG‘C:/long @& must be constant

N and it must be G'; - 6'4 according to the results of the preceding section

if the angle © satiafiea the candition O < & <« ¥,

! L J
NAVY—HSQ ND=PHILA., Pa, PAGE 36
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[— From this knowledge we can derive now the formula for the stress due -1
to oblique impact® For this purpose, Figure 30 shows the cable in its straight
initial shape and above it its shape at any time £>0 | me endpoint

(0 of the cable moves during the time ¢ in the atrection O with the

velocity % from & to 2 ., T OFP =V, ¢, Since the
stress along PRR is constant, & moves with the transverse wave
velocity ¢ with respect to S eaccording to the result of Section IV 3.
It 5 is the point which corresponds to R at the time ts=o
then 05 - EZ‘ « The point @ moves toward 5? and coincides
vith @ atthe time & . But &  starts its motion tovard &0
only after the longitudinal wave has arrived at 5 which 18 the time f-f:

7
1t ¢ 1s the time which & needs to travel up to (J then the
/

longitudinal wave propagates in the same time & from & to _P in

the distance ot trom (C ., Thus
Fla (,-Q_)f (155)
2 .

In the part @ 7 the cable has a stress G which is produced by the

oblique impact. But here the cable is insensitive to whather the strees has

been produced by an oblique ar a longltudinal impact with a certain velocity &, .
Therefore, the cable must move batween 6? and P vith a velocity &

vhich is determined by the longitudinal impact formula (35) so that

-6,
&

/ 3
A

Now QQ - uc‘ and therefore -
Cd(‘-c‘/'_ué,n E/‘u(/‘g)/

@ Q.u!é’-i),
s =&8-5('"35

| 7]
s = (156)

or

(157)
This relation determines the velocity ¢¢ of the kink Q if the stress is known.
L.« Compare the approximate results. Reference § -

MAVY—NSS END-FHILA.. PA, PAGE 87
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vt’
bt e ] o/
_ O .~
| P (6)
TR I <SR
[:O (o é;:{ C\'C:
¢ ¢ (s i '
¢
. FIGURE 30

The initial cable length which 1s influenced by the motion at the time (L
ia j = O = C‘I‘ . The elongation at this time {8 &€ = PQ - oaQ.,

From the triangle. orP & the following is obtainsd:

PR = / v;“d"#‘a;xéz*— ey, z“amﬁ
Thus

A SN OGN R

According to Hooke's lav (formuls (6)) we odbtein

]

G=S¢ - -
& (23 v w vV, & ..,fﬁ)
s ~ % S c T }/(z?) w(Berg Eempp -2 09

Here 7’,'“5' and -g).. are functions of G according to (156), (157) ana (145),

Ty
. .

We vrite nov formula (158) in the farm

E-8 6=5p 2
E |, 2 .‘2:(&)4—4&% Ma/ﬁ
iv 5 1w Zo € ¢ <

& E
L. J

NAVT—HPE dNL~RNILA.. A, PAGE 88
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rsnd replace « by the right side of (157) which yields B
c -

6.-6. 5 A -
= & c 73 P
= -1s2 £ o =(-5)
u-g-" 1+ &9 ¢ ¢ ¢

Because of (156) and {1b45) this yields

€-% / %:
v & I
) (/ Rl ;/,@

. . (159)
e Sy
|+ = S =

This equation determines the oblique impact stress & 1if the impact

|

-

velocity Vo, the initial stress G, , the elasticity modulus &  and

the density (0 at the inttisl stress Go are given , C  being |

o’
c, | &
¢ = /{"" g’) -"-b-
according to formula (141). This result can be simpiified if we introduce

£
o o * Vi,

vhere (0 is the dengity at zerc stresa, Then

[ PRTY
. .

determinad by

Q - l’/ {’ , ST
. P
§
. Since f’_" . I @
. 3 &
according to formula (15) we have
< = /4 e (160)
Co &
L |
HAYY=NPS §NO~PHILA.. PA, PAGE 89
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-
r—If ve multiply now equations (159) b ( z and use this reletion

we obtain the final result:

The impact velocity ¥ , the impact angle /3 , and the impact
f

gtress & are connacted by the equation

v /s 5:_6‘-60(. 2:‘;: /,,. (6'~6'o
35‘2(‘/;"“5— £ m(G (161)

e
where So is the initial stress, £ the elagticity modulus and Co < }/FE;

the longitudinal wave velocity, [Do being the mase denzity at zero stress,

It can be expectad that for /3 =0 equation (161) yields the

formuila for the longitudinal impact In this cass
(% ot ) e ayE g [Z-55) <o
Thus eithgr .
%@ = é’;j (162)
o 6;:_6_6*...1,-"-5? [inE = &
)3 ; & }' & Lo

Tae first of these equations is identical with the formula for the langitudinal
{mpact, The second i8 meaningless because {t does not have a real soluticn
G faor a positive valus of V, .

The formula for the transverse (psrpendicular) impact is obtained for

= 90° vhich ylelds

[C!:);,: 2 G_Es'V (-do) (263)

1t P incresues tavard the limit 180° the formula for the reverse impact

follows from (16l). We have nov

‘!' -G
] ¢-6» ,1&6-(‘/’  —2 ).
(c"' v E }'EV £

(-]

L- _

PAGE )
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f Mhus etther LI
: §-% . . % |
5% - § I %o .
| o (164) _
Lo The first of these equations corresponds to the longitudinal impact with
f ' negative velocity {campression) which is meaningless for a cable while
E‘E : formula (164) represents the actusl formula for the reverse impact.
;‘% We complete these relations by listing for the kink velocity |
é; in the geperal case thes formula i
3 3
g vhich follows from (157} by multipiication with -(Sf = %" and
; | for the kink angle &  ihe formulsa
- o - v aialodll e 8= £ i (166)
o e f3
! A vhich follow from the triangle O PG in Figure 30.
g In the case of the yeverse impact (164) and {(165) yield
D e BT EE R adA2
Thia result shova that the 180° kink moves vith & velocity <& which is
amaller than ‘-;3 « This must be so because mags {8 picked up continuously

I during the motion resulting in atress which runs shoed of the kink along

the cable, Only in the case of a massless cable tha kink vould move with the
velocity é’ .

j’ ?or. othar impact problems compare referances 21 and 22,

—

L -
PAGE 91
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6, Approximations and Evaluations il

Ir g and %? are negligibly eamall caapared with unity f-rmula

(161) can be simplified to
v, |\* Ve £ G-Go) corfd = 2 €= 0o L,rf _(5"50]:\, (166)
Y w2k ()E-GE)cap = 2 FE (B

This and the following formulas up to (171) are sufficiently coerrect for

conventicnal steel cables and steel cables with hemp core. (166) yields
X
o _ _/ /€ G-so) ) /8 80 ) 5,50 (167)
a_-{y‘f-_g_ cmﬁ 2 [}/5 = ).rn:/ﬁ

The corresponding appraximations for the longitudinal and transverse wave

velocities are

[& = /8
€t =i C=ye P=g,. (168)
The particle velocity {s determined by
u G-So
— = —
Co & (169)

and the kink velocity by
¢ _ €-6.
& = / E " E (170)
The kink angle G s given cérrectly a8 before by

:'.' ‘C‘{*) v . Vv, ]
: C?@: _V.A;?_—%gl)ﬁ J ity & = F‘Mﬂ. (lTl)
i-‘:.‘/t

Equation {187) can be evai.ated for oll data by one simple greph, For
this purpose all lengtha of the upper Figure 30 have to be messured in the
wtt ¢, gothat O =/ | Tnen OP= i:’-: anaR = c%’ (see FPigure
).
Let the circle vith the canter (! and the redius gf cut the atde A&
of the triangle OP& in ;S « Then PJ‘ {8 the elongation of the cahle

divided by €78 . Thus
(o P

1 P = s s

L A

HAVY—wPl 4ND—PRILA | fa, PAGE 92
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OBLIQUE IMPACT STRESS FOK ZERO INITIAL STRESS
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We chooss X in the distance %.9 from ( as a fixed point for the following

construction: Computing for various vuuei of g the expression }/E‘: - g
ve construct the circles with the radii /2 and the centers X in the
distance E - g from ek and denote these circles by their corresponding
valus (g + We construct from 71" the vector with the length %./3 under
the angle /3 agatnst AO uwp to point M and fram M the vector gv
parallel to 2¢ . Then the endpoint of this vector is the point 2
situated on the circle /é-f/. A sufficilently dense set of circles yields

a graph fram which the oblique impact tensions can be determined for any given
data, Figure 32 shows this graph., Figure 32a shows a detail of Figure 32,

In Figure 32b, the curves /3= congtant are plotted for zero initial

stress,

In the case of parpendicular impact (ﬂ'-“]&',)rornmle. (169 ytelds

2 . 2
(‘1?) = 280 /W-E:@’). (172)
Co g (& ot

v,

i Figure 33 represents this relation between g and for various values

et 4

l i of gf in order to show the {nfluence of the initial stress on the resulting
]

impact astress,
5~ 65, s
ir = is negligibly amall compared with }/E then equattion (166)
{ yialds a further appraximation —
| v,)‘ v /& /,3 = g 8=0 5.
i AL +~ 22 )R couo = 2
?i T Co Co ‘/C £ ‘/5 (173)
» [ 4
% i In the special case of perpendicular impact (,/3- 70} and & @, which s
‘ - 2ero or negligivly small compared with €  this equation yields
! ) %
P & ~6, (/) 3 v;).? (171‘)
Lo & T (2 Co

HAVY=NPE SRD-PRILA., PA, PAGE
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This formula was first derived by the author of the present monography

in 1948 (reference (8)L The curve, Figure 34, represents this rela*ion
and shows measured values¥ obtained from different cables, initial tensions
and impact velocities (compare also references (13) and (16))., Figure 35
showvs the transverse lmpact tensicns in pounds as functions of the impact

velocity in knots for frequently used cable data,

# Mainly NAEF measurements, For the technique of impact measuremsnts

compatre reference 20,

L _l

HAVV=RSE RO-PHILA | PA. PAGE 101
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| T. Energy Relations ]

As in the case of longitudinal impac®, it is of interest to study the
distribution of the input energy on the moving cable parts in the general case
of oblique impact and especially in the case of perpendicular impact,

There have to be considered now three parts into which the work done
at the cable end point 0 will be split, the kinetic energy of the cable
segnent & (see Figure 30), the kinetic energy of the cegment &% and the -
potentisl energy stored in both segments in form of stress, The mass /77, of
PL at the time ¢ is the same as the mass of 0(5 at the time zero
vhich L8 /77, = PF E/.'l"tw segment P& moves with the velocity Y% .

Thus its kinetic encrgy 1is 2
M. gl 2
¢ = p/- 2

_ (175)
The cable segment 0/? has at the time / the samt mass a8 5)? st the
time zavo vhich is /7, * (0 & (¢~ E){. Its velocity (s the particle
velocity & ., Tharefare, its kinetic energy
H-Z 2 P?_(‘C‘_E‘J f%l (378)
The wvark required %o elongate tha ceble statically from the stress 6;
to the stress O  is
H@ = O';O’. (;. < £
vhere & 1ia the elongation. Now ’_C'—EZ = £ . Thue ()
H, = 8% gof. c%f

We use dimsnsionless energy coefficients dividing the ensrgies by the arbitrarily

chosen enersy

2
c ;
H,=ppct ae)
L J
HAVY—Se ANO-PRILA. . Ph PAGE 102
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. [Cand obtain 4 s V)l ]
i =2 =5 = [22 '
| = T (0 ’ . (179)
| -
', ‘ He _c)/k
; 7t ={’ c)/C)‘ (180)
_Heo 6 Lo ¥,
| 7s = Mo E - ¢ (181)
E , Using the formulas (145} and (156) we cen exprees g and g? by %‘
| and S . Ve get -t
' i c = (?c.') )
, E _ (&)
' §- - (-C.) 6.-,.-? = /_(E)Z <
e =\ 3 P E (4
"(%) e ¥
£

Then P¢ takes the form .
v /] (74
7o = 2(8) &[4 ¢) -(¥) (182)
a farm vhich corresponds in the varisdles to %, and /A
For the total ensrgy =% +7 + Y we obtain now
& L TIN Y F t 13 .
1= E((F)-&1)-2(F) (¥ Gaal

We must find the sams velus 7 by computation of the vork done t

againet the tension by moving the cable end point € 1in tue direction ﬁ

with the velocity Y, ., This vork is equal {cexpare Figure 30)

{ HaVPePe LD~ PRILA. . BA

| H = g6cosf. 3¢ | (184)
or in dimensionleons form
| & I Y
| 722E ;8 € s/’ 385)
&
Fron
§ C’J/ = t‘d’)(’//}“ 9) = rmﬂ cos & Jﬁ»cr/} Free O
' 6.
S and formdz (171) &L s ('w/;‘
.k C,[? Q 4 Yo
i“ follovs
) . % &l ppg/é .
Lo cord = g © ¢ ‘ (185)
yo0 b L fo e, % \
. - 3 0 L) —_
l L. : (:) ¢ 27 ¢ /3 pace 203
{

i" —_— . o . ' R

‘
i (%S
'
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r—Forxmu.as (158) and (157) yield i
- J8) (8 o2 @oop= L vt « £(10g)
' and - 2 2
| L@ copp 2l g l)-(2)-(4)
| Theref~re, because of (185),
b A 2 -

. po £ (A E () o

- E S(ret) |

Formuaa (145) for -cq. showa that

and {156) for éf that

e
Therefare the expression (187) for ;? becaoms s
= E( ) 2 (E) g (8 o)
viich is tdentical with (10%).

Farmulas (179), (180) and (182) show correctly the diotribution of the

input energy over the cable {n the genoral case as functions of the stress &~

% ; ir ge ) -&Q and -éf are repleced by their expressions {n G,
3 4 c
If oov & and % are nogligibly amall compared with 1 these
{ formulas almplify to v
! . '/ --\?) »
Gol® ‘
f ( [ - ;, 53000, (183)
|
.; . 76 . 2 5. 5.“ 50 /f‘ 0-0
(- _.l
NAVV—LPE 4RB=PRILY., BA PAGELQL
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r 1

{190)

If, mareover, 6, is zero or small compared with ¢ the last formula shows
ths straein energy is alwvays appraximataely equal to the kiunetic energy aof
the longitudinally moving cable segment,
In the case of perpendicular impact we have bacause of (173) the
. fallowing appraximate expreassion:
I Yo 2‘__ z G -0o | E
P c) ~ E TE

. and therefore, sppraximately
i 2

{ _ 5"'-50)
@ 77 TE

! vhile approximately, & - 6, 2
(2]

So the kinetic snergy of the transverse soving segmnt {9 sabout 50 percent
! of tha total energy whils tha kinetic energy of the longitudinally moving
segmeat and the struin energy sre shout 25 percent each of tha total emargy.

The lagt resuit haa been fournd by J, Thomlinson (Englm). ¥ormula (130),

LIRSy

_ however, shovs that for larger stresses those statapents can be considered

: as cruds epproxizaticne cnly Lecause )/é‘ 19 not alvays negligibly amall
! %

compaied with 1 {f —= ia so,
£ _l
HAVP=Ig AID~PUILA. . PA, PAGE 105
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* !g, . Impact at a Moving Cable

The purpose of the investigations of this and the following sections is
to show that the oblique impact formule is not restricted in its applications
to the specicl problem of determining the stress in & cable due to impact
but that it is & convenient tool for the solution of many more general

i provlems, ‘This becomes obvious if we realize that any cable motion can be

K replaced, with sny desired degree of accuracy, by the motion of an equivalent
polygon-shaped cable whereon each side, in a given moment, the velocity and
the stress have constant values, The resulting configuration and stress
distribution may be computed then for any subsequent time as the reswult of
a sequence of impacts, If the number of steps required for the solution

of a particular problem in this way ias not too largs, it can be solved by

a cequence of readings from the graph for the oblique impact formula. This
method will bs illustrated in this chapter at a series of problems, frequently
occwrring with the practical use of cables,

First we consider a straight cable &/ vith the constant stress 67
vhich movas longiludinally with the constant velocity & , (see Figure 36).
We aszume that & pclnt &? of the moving cable is aub.)egt. to an impact with .
the veloeity Y%  under the angle ,@ relative to the moving cable.

The problem of dstermining the stress @ resuliing from this impact can

be zamputed in two ways:

3
&, We can gssume that we are moving with the cable longitudinally with

R

the velocity &, (see Figure 35a). Then the impact at the cable segment @A

is simply equivalent to the oblique impact with the velocity ¥, under tre

RSy
H

angle ﬁ at the cable in rest wiih the initial otress G, end the impact
{ stress &  follows directly from the impact formula or the graph.
| L )
' NAVV=NPS {ND=PNILL., DA, page 105
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(a) 0O
S Q (6,) R

N
(3‘\ O
4) — e N
S ~ % g (6,) R
FIGURE 0

b, We can assuma that the longitudinal motion has been yroduced by a
longitudinal 4i..ct vith the velocity & at a cable in rest with a suitabdle

initial stress Sp 8o that

5"E —0’. - £I_.,
3 Ce

acoarding %o the longitudinal i{mpact formula, which determinas the unknown €, '
The stress 6 produced by the impact velocity Ve in the &irection /3

et e et e
»

will then be the same ax the atress produced by the impact velocity # !

g in the directicn /3' at tho cable in rest with the inittal etress &o

vhare V," “and /5/ are ghown in Figurs 36b, \(!beine, the resultant of

the velootties V, and - %, , Tha ldentity of both results follows diyectly

fram the graph Filgure 32,

The impact stieas in the cable segoant @S can be detsrmined in tha same

[P

vay replacing /0 vy 180°% ﬂ . The strusses in the tvo segments will dbe

& sl
«

different in gsneral becawse no streas is alloved to pees over the moving
point o in this caese.

——aciy

Thie example shovo how the determinstion of the impact stress at 3 moving

'j } cable can be reduced to tha detarmination of the impact stress at & catle in

bs solved {f the csble initially performs any motion parallel to itself “J
AP0 LB~ FNILA., PA, PAGE 1.0‘?

+ith a constant velocily.

T
l . e — L - - . . e e«

" rest, In a sinilar vy the prodlem of dsturmination of the impast atress can
{
¥
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[;. Sequence of Impacts '

The mroblem to be solved in this section is the ¢ollowing. The endpoint o
of a cable in rest with the initial stiress 6; is 'memuysd to move during a
time 4 vith & constant velocity Y under the angle ﬁo into the
position A {see Figure 37). After that time point % 15 sgmumed to
move with & constant velocity ¥ under an angle /  against the original
position of the cable during a time /:' into the position ? « Due to the
first of these impacts the cable will obtain & kink which will be situated

at the time /[ at a point &, ss indicated in Figure 37. The second impact

o
vill produce a kink an the cable segment 79 &b which will be situated at

the tims /; +¢ &t s point & . 7o be determined arve the velocity v

and the angle /3, relative to the moving cable segrent 75 Qo vhich produce
the second impact guiding 73 to B .

Toe first tmpact with the velocity Y in the dirvection /Y%  produces
in the cable with tha initial stress O, & stress G, wvhich can be
determined from the obliqus {mpact formuls or the graph, The corresponding
kink angla € {s known from ane of the formulee {166) and can be read from
ths graph too, The second impact has, with respsct to tha ngving segnsnt 73 00

the unknown velosity Y and the direction ﬂ/ « Without this tampact 73

o (6.)

paGE 1

L.
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{;;uld aove during the time f: into the position Af, « The unknown impact 7

has to feree it into the position 7/’ « Thus the vect.oz—'_' 75 7; with the
length ¥ 4,  under the angle ﬂ, and the vector /5¢,  must have the
vector 7? ; &8 resultant, Because the vectors é—}; and 72-7? are
glven, the vector 73_—77' can be constructed, 7?«-!: 7,97: being a
parallelogram, Thus -V: and /3, are determined.

The fuitisl stress for the second impact 18 &, , the impact stress due
to the firat impact. Thus the stiress 5; due to the second impact can be
determined from the impact formula or the graph. The kink angle &
foilows agair ‘rom ome of the formula (166) or the grapn.

The stress &, determined in this way {s valid only in & neighborhood
of /t,’ =8 1.ng as no reflecied stress wave arrives at this point, Actually
the gtress indur2d by Lus second impact propagstes toward @o and, upan
axrival at thia point, experiences a disturbance which will propagate forward
and backwnrd clong the cahle, The returming dieturbance will experience
anather disturbance vhanme passing over (7, and vill finally contribute to
the stress at 77 « A detailed study 2f uhe atress propagation over a

kink 18 containad {n sectiaon ¥

!

',_ -
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|—10. Transverse Wave Reflection at a Fixed Poind o

We consider an oblique impact as dlscussed in section 5, The initial

stress of the cable in rest is assumed to be S, , The impact velocity is
V, and the tmpact augle /3 (see Figure 38).

The cable segment PR 1s moving longitudinally with the particle

velocity %/, determined by ¢ _¢, U,
& * T’

We consider nowv A as a particular cable point, It is moving with the
velocity &, toward the kink
point &’ vhile thés point moves
with the kink velocity 4@ tovard
the left, If we sssume that we are

moving with the point & tnis (G,)

point nov is a fixed point and R
LT
the kink approaches this point with

the velocity </ + &, FIGURE 38
I now A would be free to move in the momant whore &  coincides with A

/ /
1t would move in the diyection /A % R s P
/
vhere X ia determined vy the

velocities V, and ¥, as
shovn in Figure 39, Tharefore, in order
to xeep A in fta fixed position an

obliqus impact with the velocity 5
/ # ’ R=<Q

via PR = PR , P 2\/
in opposite direction to /?/P has to be// v /
applied tn & at the cable £ 7 /

/

the {mpact angle being /3 ag showm R/,,
in Pigure 39. FIGURE 39
L _
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i 1

The initial stress for this impact 18 ©, , The stress Gp produced
by this impact can be obtained from the impect formils (161) or the

gaph and is the stress produced by the reflectiom of the kink wave

at the fixed point A .

L. _.\
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We congider sgain an oblique impact as in the preceding section

(see Figure 40) using the

same denotations, We now

suddenly change the velocity
%4, of point K

A
sbout an amount 4¥ . (g, ) (8,)
jroducing in this vay s  p S

v O

streea . €7 vhich is u,
determined by the longitudinal

impact formula
6,-61 Au
——— L ——
& Ce

FIGURE 40

The stress difference DBy — G,  propagates toward ¢¢ and when

campared with

arriving at & suddenly changes the motion of &

that which would take place without the action of this stress difference,

The digturbance of &  means an impact as well at ths cable segment O

as at the segment RE + The configuration of the cahble after these impacts

vill ba aas shown in Figure ki,
&' 1s the point which separates the
stress areas Oz and 6,
on & at & shart time after
the longitudinal tmpact Q¥
(ses Figure 40), This point moves

vith the longitudinal wave (&,) (6)

velocity toward &, . _R_A 4

From ths moment on LAY

vhere of' veach potut &  (see Figure b1),
L
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[this point moves in a direction K &™  which is unknown at the present, 7

P

Two kinks L ama M are forming and moving respectively toward w

aod 7P / due to the two respective impacts. Both impacts must produce the
sams stress according to the results of section IV 4, The stress ©
propagates toward A ana P ’ and has reached after wunit time say the
H points A ana B . Beyond A the stress is equal Gy and beyond
.B equal 6; , assuming that the points A ad PI have not bteen
reached yet, If the kink angle at & isequal &  that at M 1s
equal 8 -8 .
Ve damote with V& and ﬂ the impact velocity and the impa.ct angle

with respect to the moving cable segnent 2 P and with V¥ , ﬂ

the impact velocity and the impact angle with respect to the moving cable
segment rA + Both impacts must rwsult in the same velocity V *

and the same direction /3 for the motion of 6? into the position &*
Both {npacts must result further in the same atmafmd the same angle & .
3 The first of these conditicns

BT T

. ylelds the geometrical relation

. expreased by Figure 42, 8o if
/ ’

-‘ vV  and ,a are chosen

y &
arbitrarily V and /3 are

P L

CABLE &= 5 Y, -
? determined by this configuratian,
) Y FIGURE 42
' s In order to satisfy the second condition, the following graphical procedure

4 /
can be applied, For a fixed arbitrarily chosen value /O = p; and a

- ’ N 14
- set of srbitrarily chosen values V the values V , and the corres-

; poinding impect stresses 6,

/
(see Figure 43). The intersection of both curves ylelds G = &

~
and € are determined and plotted versus

[
for /B
L. A A
NAVY=HPS IND=PNILA., BA, PAGE 113
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: 7 ’ ‘' w
rg‘orcthervalma /3,,,/33,“ in the same way the points 6 =6 |
/
are obtained. The curve 6’2 67  astermines ﬂ as functions a¢ v’ .
’
For the corresponding valuss of this function the kink angles &) — & and
' 7 ” /
@ gre determined and & and &  plotted versus ¥ . The intersection
/ " / L4
af both curves ylelds & = & = & and the correspmding value 6 = 6 = G
represanting the stress value propagating over the kink,
At practically occurring impact speeds and impact angles the kink
angle € 1is usually small, say less than 20°, A longitudinal stress wave
arriving at such kink {s, therefore, comparable with an oblique impact under
an angle /3 vhich is less than 20°, Figure 32b shows that such impact
results in & stress which is nearly equal to the gtress produced at the

impect angls /3 =0 , This means that a stress value propagates over a

xink vith gmall kink angle (say less than 20°)appraxtmately without
disturbance, This is in asccordance vith experimental observations and can

be proved exactly by evaluationusing the correct method desaribed befave,

This result considsradbly simplifies the iransient stress analysis, for instance,
in an aircraft arresting gear cable,

L .
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“ 1
v 12, Cable Impact at a Sheave

An infinitely long sable is gulded over a sheave ,.S‘ as shown in Figure

LL and is sublect to a transverse impact

vith the velocity V. at its endpoint O V.
0

. o

the initial stress being 6, .

A kink vave with the angle €, forms AL O

j and propagates toward S . The

" impact stress 6,  runs ahead of the

' kink vave and passes over the sheave S FIGURE 4b4
befcre this vave reaches ' . The stress 6, produces a particle

‘ velocity ¥, ahead of the kink wave which will turn the sheave in clockwise
‘direction with the circumferential velocity &, . The last statement

) involves that the sheave has no mass. Howsver, we will esaume that also

! in the case of a sheave with mass the sheave turns with the velocity &,
for the purposs of the following investigaticn, In this case we can assump

I the required rotatian of the sghsave has been produced by a rotational impact
et the shsave in the mozent where the atreass wave passad over it,

b When the kink vave reaches ths sheave, {t {8 disturbed due to the fact

}‘ that it cannot propagate anymore toward the left ns vefare. We vill show
hare that thias diasturbance is equivalent to a certain oblique impact from

T T g A P e

-

i which the stress aftar the disturbance can be dsterminad,#
In Figure L5 the shape of the cable after the impact of the transverse

L s e g e et

%‘ vave at the sheave /f is indicated by the points ..Sv, & ed P .,

tei ey,

/
If there would have been no sheave tha cable segment J' P vould have

A oSminy
2 -

continuad fts moticn with the velocity ¥ into tho position A P during

time f +« Ths presence of the sheave at 45’ over which ths cables is

[ PPy

i o # Campare reference 9, g
L
race 116
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FIGURE b5

bended downvard results in the deformation J'& of that segment. The length
Ad ot 5@ tsrelated to Y%, O nd the kink velocity < vith

' : vhich Q“ moves tovard by

Ata Vo o+ w2V, r0lG0% 8,).

4
The elongatien gf vhich the ssgment J‘ P axperivaces during time 4"

is deteruined by EmA—cu U,

‘ ; because cable is fod over the sheave vith ths velocity &, dua to the initial

! : impact at the cable. According to Hooke's lav, tharefore,

- G
R E minre) -y g
Ca

It 1is assumed that he langitudinal stress vave does not extend up to peint ;?

(191)

€ -~

If va use appraximately ¢J =C (ses formulas(l5T) and (165))and neglect

o g-' compared with unity we obtain

‘: -

: g -6 Vo bt o0 . Ve (@ ’ -

2 e T E e - -

X vhere nov - e
t @ o £ e g

( &= £§ =y
| L "
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FIGURE 46
. KINK ANGLE AT TRANSVERSE IMPACT

10

o

© e e n A s B O
..

¢ :

i

'

b

t

' | -

\ -

{

satv. @by avg, PRING,, Pa.
——- —— - .
o
4
M Y O T T et — - ~ e *“_‘\N.‘)
v




4uBBAUS S48 (ALY, te.88)

REPORT KAFACT-ENG- 6169
PAGE 119

T e [N

. ~ FIGURE 47 i
SIMPLE IMPACT OF A CABLE AT A SHEAVE
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. [1s independent of G, , Since —
6.' - - é{.l
& <
’ w get Y 2 = p
=2 - /(z,‘i') () 1 f Eemip=s) - ¥ (=2)

Campared with formula {158} this result shows that the stress & dus to

impact of the transverse wave at the shesve is approximately the same as

the straes produced by oblique impect at a cable with the initial atress S,
Vo

<

3 =0"-9
under the impact angle /-~ JY = 4 with the velogity

This result is represented by figures L& and 47 where the first figure

shows the angle & and the second the values of g in comparison

g—' v an initisl stress S, 0 , The values of g

prove to be approximstely the sams as the values obtained if a cable with

with

the inities stress ©: 1o gublect to an oblique immsct under the angle
e 908 \itn the impact velocity ¥ - E, .

It hes (o be noticed that ths computed stress value holds only for a short
Yune after the impact. The stress difference mn both sides of the sheave will
start to accelerats the sheave, & process which can be computed according tc
aectio:&!lxéaltim other hand, the otir-s difference 6 ~ &)  will propagate
tovard point 7  and ganerally be reflecied ab tals point. The returning
longitudinal wave will produca a disturbance of the Xink at & es
discussed in wection IV 1l and will changs the motion of the choave znd tha
stress in the cable in the neighborhood of the shesve once move,

If the sheave iz aesumed to be mmssless or if iU is asoumed that there
18 no friction betvesn cheave and cable, the atress dus to the impact of the

: transverss veve at the shsave smeads over both sides of the cable adjacent

to ths sieave, Thus, the {nfluenced cable length at the tims t after the

| L J
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&
tmpich 18 equal  Soi iostead o2 €& . Instead of formula §191)
ve cubaia in this caee the formula
£=6 -
£ L ete g fi e @ a )X YU
—5- 3 !/(th;«.zgc #(90-6) -7 & (153)
&
Using the same approximation as before instead of formula (192) the
. Tormula
36=(6060) | ot swit
LS L Y, & V /{()) Vi O L4 &)
- AL N o A -
- -— A JERN honnd b
E N },/(f V[c‘ *2F T #2(90~6,) S (194)

i

15 obtained whare now

. Tha valuwes of - g ¢
&, = O in Yigurs &7,
o
l
.
! .
]
‘-
P
{
L.
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ollowing from formule {194} are plotted for
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CEAPIER Vi DYKAMICS OF AN ATRCRAFT ARRESTING GEAR CABLE

I 1. Scheme of the Mark 5 and the Mark 7 Arresting Qears

l In this chepter the genersl results of the preceding chapters are applied
to the cable problems arising with the development cf aircraft arresting
goars,” We start with arresting gears of the Mark 5 or Mark 7 type which are -

; vith respect Lo ¢he use of the cable - 2ssentially not different, Figure 48

i shows the Nark 5 arresting gear schematically, A steel wire cabie with hemp

; core, the deek pendant, is stretched scross the deck of the aircraft carrier

A and is cometed vith two cther such cables, thes purchase cables, by means of

terminals or links, They are reeved over the sheaves of a movable crosshead

snd & set of fixed sheaves as shown in Figure 48 and finally anchared.

The movable crosshead is connected vith & piston vhich acts against a hydraulic

fluid in a cylinday, fareing this fluid through the variabls orifice of a

control valve into an accumulator, if the tailhook of the airplans engages the

dack pendant and pulla it out, Thus the piston is presced sgainst the hydraulic

*f flutd by sothing else than a common pulley,

. In the scheme of Figure L8, the arrangement of the cable on the starbomrd

: and the port sides are completely symmetrical, If we assums. that the tailhook
- ' af the airplane would engage the deck pendant perpendicularly to and exactly in
i the center of the deck pendant, no difference in the wechanics of the system on

both gidee would exigt, The fwo anchored cable ends could be comnected to each

other in this case over snotber sheave without changs of the mechanice of the

P aystem, Ay systezx wvhere the calle ends are uonnected over s sheave instead of

——

%

being suchored is called an endless reeved eystem; However, only if the system

»
!
3
’

i3 symeetricis %o the center lins, the anchered-aystem and the endless reeved

g
i

A wable vhich are lsading to thy first engine shesves are usually not equal in

L

v wrees UL R5EDETE Deference 1N,

syatea are machanically equivalant, At shipboard, the segments of purchase

J

e as T
' .
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PORT SIDE STARBOARD SIDE
DECK
LINK DEGYK; PENDANT ¢ !
DECK ﬂ@
SHEAVE
PURCHASE
CABLE
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- o

FIXED ENGINE suzwes\&
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CONTROL VALVE

FIGURE 48
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.- length resulting in an unsymetry of the total system beside the fact that

ths airplane engages the cable more or less off center, Only the arrangement

in the engine will be symmetrical, Therefore, the anchored system snd the

andless reeved system will behave differently.

The number 2n of cabls segments which are pulling at the sheaves of the

< movable crosshead on one side of the engine i8 called the reeving ratio,

In the case of Figure 48, the reeving ratio 2n = 10, If T is uniformly
the tension in each of these cable segments, the moving force acting on the
piston 18 equal in T minus the farce acting sgainst the pilston due to the
pressure in the fluid,

i The pressure of the fluid in the cylinder is autamatically controlled by

a8 valve. In the alder types of Mark 5 and Mark 7 arresting engines, the orifice

. opening of the valve was controlled by constant pressure air scting on a spindle

1 vwhile in receant types of Mark 7 arresting gear the orifice opening iz controlled
by the atroke of the engine wsing a cam. The general goal of any autamatic

; control device is to produce a force F against the piaton so that a desired

deceleration of the airplane mass is obtained either as function of stroks or

ey

time. The basic problem is, therefare, to determine the required force F

which resulta in a prescribed deceleration. The control dsvice by which the

deteruined farce F can be cbtained is a fluid flow problem not to be discussed

in the present monography. We assume here that any required force F as function
aof strokes or time can be produced,

¢ In the following, arresting gears of a type as desoribved before or equivalent
. to such will be called comventiomal, We do not restrict, howvever, the discussion

to canventional types bdut wvill consider as well variants and completely

different desigus.

{ - J
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2. Twpact at the Deck Pendant ]

The sizpleet arresting gear using & cable would consist in an infinitely

long stretched cable only (zee Figure U9),
This {desliration 18 of interest

because it shows the upper limit / i AN )

for the velocity v, of an airplane < = i > %
. v°

which possibly can be arvested by a
cable, FIGURE 49

If wo assums that the initial stress of the cedle 18 G, and that
the hook of the airplane sngages the cable perpendicularly with the velocity
v, the impact siress 1s determined by the transverse impact formulz derived
in Sections IV 5 and 6 and representsd graphically by Figure 33, This figure
shows that the smllest impact stress is obtained in any case if &€, ¢ 0,

o

Tabls 1 in Section I 5 contains the breaking strengths for steel wire cables

 with hemp core as cammonly used in arresting gears. If we divide the breaking

strengths by the correspemding mstallic cross s'eetian areas we obtain the

breaking stresses © 85 shown in Figure 50 for cable diamsters between
11/16 and a inches, The breaking stress deereases somewhat Qm: {ncreasing
diameter but doss not differ much from the constant value G

8 2
max = 00335-10 lbﬂ/ft .
Thus approximstely '
* loog.———“'g" = 1..83

Zor all steel wire cables with hemp core if an average elasticity modwlus of

E - 18.3 108 1os/ft° {s assumed. From Figure 33 follows that this ratio
corresponds to the valus
wo Yo . 6.8
[+

for the impact velocity Yo at 6_0 e O, Because ¢ - 10020 ft/sec 18 the longi-
tudinal wveve velceity, tharefore

L Yo« 678 ft/sec « U402 kts -

AtT. NPy dQn, PulLA,, P&,
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PASE 127
\ f"m value represents the upper limit for the velocity of an sirplane which —t

possidbly cn be arrested using a steel cable with hemp ccre of conventional
congtruction,

T™ig lixit iz independent of the cable size. It depends only on the

vreaking strength @ ___, the elesticity modulus E and the longitudinal wave
velocity ¢, If & safety factor of 60% is vequired which 18 & cammon require-

ment for aireraft arresting gears, the upper limit for the engsging velocity

- VO = ?hl kts.

|

|

! E becames
l re

}

: For a very short time any kind of arresting gear using a cable as arresting
device behaves like s cahle of infinite length., If [ is the length of the

' o half spen of the deck pendsnt of any such arresting gear, the stress produced

' bythcinpwtinthaconterofthedackpendmtrequimsthetim%

e g to travel to ths deck sheaves, During this time, the arresting engine or any

device betwsen the deck sheave and the engines is completely insensitive to vhat

| : happened at the point of engagement of the cable, This time is in genersl

- very shart, If, for instance, the length of the deck pendant 1s 245 100 £t

} ? the time in question is % = 0,005 sec for any size oﬂ’acopventimm cable.

g : However, this considerstion proves that the stress due to the perpendicuisr

% I impact of ths airplane hook &t the cable depends on the airplane velocity ¥,

|‘ the eable mataripl constants E and ¢ and its initial stress Op omly

; | and is independent of the tvpe of arresting gear, the weight of the airplane

( { and the diameter of the cable,

| .- This gtress is determined by the transverse impact formula ag derived

5 before and represented graphically by Figure 33 for any given data, In Pigure

35 the resulting inpact tensions are plottesd for three frequently used types

of cabla, Figure 34 ghows a comparison of the theoretical impact stress with

L. -
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7‘3 p’uured values obtained from different arresting gears and cable sizes, '—x
4 Figure 51 represents a typical cable tension measurement from a Mark 5
l arresting gear. The cable dismeter d » 1", The impact velocity Vo = 101,5 kts,

Point (D) represents the thecretical impact tension, The tensicus T are
measured in the deck linkg cm the starboard and the port sides near the dack
sheaves, 'The initial tensimm Ty, » 1200 1bs, The engagement occurred in the
center of the deck pendant,

‘ In the case of an off-center engagement, the impact stresses measured in

the starboard and the port link must be the same, There is, however, a time
difference because the stress has to travel on one side over a longer cable
length than on the other side, This is demomstrated in Figure 52 representing
an off-center engagement at a 240 ft, deck pendant. The points merked by@
are again those corresponding to the theoretical impact tension., The engazement
1s 20 ft, off-center toward starboard. Accordingly, the stress arrives at the

] starboard link at first and is registered at the port link 0,004 asconds later

a3 can be ssen clearly in ths oscillogram, This measurement has been done at an

arrangement vhere each cable end is reeved separately over a Mark 5 arresting

engins £o that the arresting gear contains two arresting engines, Accardingly,

the measurement ghows two ¢ylinder pressure curves.

o,

: ‘ There ia tha possidility that the engagement of the dack pendant ia not a
perpendicular cne, If in such caseaf obliqus impact the cable does not s8lip
" ovér the hook the influence of only a few degrees difference from the perpendicular

engagenent i{s considerabls., From Figure 32 can be seen, for instance, that at a

i z valmofloo,!c.‘?. ¥ 2 the impact stress at /3 '85°1lgivenby1006§ = 0.5
' . (at zero initial stress) while at (3 w95° the tmpact stress {a given by
o 100 -g x 0.27, Therefare, if an engagement would occur under an angls of only §°
} against the perpendicular direction the civeas on one side of the hook would be
Gaarly tvice of that o the other side (See Pigure 53).
f L __I
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.1 N 1

.- Such large stress difference will in general.be balanced by slippege of the
cable over the hook, At smaller deviations from the perpendicular directicn,
however, considerable stress differences in the cable on both sides of the
book can occur, Actually the impact stresses measured in both deck links

are seldom identical. The difference can mostly be explained by & small

deviation from the perpendicular impact direction,
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3. Slsck Due to Crosshesd Motion ]

The stress due to impact at the deck pendant propagates with the velocity c

( »/10000 ft/sec for & steel cable vith hemp core) and reaches the first sheave
of the engine crosshead (%ee Figure 48) after a time t vhich depends on the
length of ths cable betwean the point of impact and the first engine sheave

in question., At this time the crosshesd will start its motion. In the case
of a symmetrical arresting gear and center landing, both first e¢rosshead

sheaves on starboard and port side will be under tension at the same time t,

If Ty 18 the impact tension, then at the tims t; the force b Ty will start to

move the croashead against the initial cylipdar pressure, Up to this time

the tension in the deck pendant will be approximately constant equal T; because
the force acting on the airplane during that eshort time will not reduce the

speed appreciably. Point @ in Flgure 51 indicates the time vhere the:stress

. wave arrives at the first crosshesd sheave and up to vhich the tension 1a
E constant equal T|.

. The acceleration of tha crossheed {s usually large enough that it cbtains a

! s considerable speed befare the impact strese wave reaches the anchar or even tha

sacond or thfrd croashesd sheave, This peans that tovard the anchor end of the

A,

cable the anyhow lov imitial tensian af thwe cabls will &rop‘ iomediately to

rero., Thus slack forms in the cabla, No appreciable stirese propagaies over

a cabls in alack ocmditicn as has beep shovm in Section IV S, Thus no stress
o will form at the anchor and until all slack bas been picked up which happens vith
the pau .icle velocity of the cable, only. If all slack has been picked up, the
anchor suddenly stops the particls velcocity of the calle producing a longitudinal

I impact tennion vhich mropagates in opposite directian,
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A quantitative estimation of the slack formation due to crosshead motion
cab be obtained in the following way (see Figure 58).  MASS gavTeRy

7, M POSITION
We apsume that the reeving

ratio is 2n ( « 10 in the figure)

and that at the time t on each of

both sides of the engine IV

cables are under tension, We

further assume that the force

ocn the crosahead dus to the

e LLL |
n
Y
~

cylinder pressure increasss
with time t linearly FIGURE 5%

P « Pyt
vhere Fy ie a constant, from the moment vhare the free cable end begins to
move loggitudinally with a given constant ‘elocity u. Tha zero point for
the time is the moment vhere F begins to increase, The equation of motion
of the crosshead with the mmses M inciuding shesaves and ey is

Ny o BY(?-To)-rFyt
vhere T 18 the average tensicn in the <45 cables on esch sida vhich are
pulling at ths crosshead, ¥ {s incressing vith the time discantinuously
in unity stepa. For mathematical canvenience, however, this stepvise increase
is replaced by s continuous ipcreass fiocm ¥y = O toy e n. Ify « 0 the slack
has boen pilcked up campietely, We donote the time for vhich y « o by t%,
The probles to be solved ia to determine this time O,

According to HEooke's lav at a time t S t¥
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r '_1

bacause us = ¥y 1s the elcngation of the cable xmderfension T at this time
while 2?) iz the ariginal length of the elongated cable segment, The time ¢
ascded for bullding up the tension T within the 23 cables
fe 2V(A-y) . ¥y ,
c 7 (38)

becauss the stress propegates in a cable undsr tension with the longitudinal

vave velocity ¢ and is stopped until slack {8 picked up with the velocity u
approximstely. Thus

. ¢
LV = (199)
2=y LY
c 7
and because of (197)
3 -z-g 4-
T=7 =¢¢& 3 "(rz (200)
Therefore, equation {196) takes the form
A—-
‘; [/27. Ew "5"! F?)LL (201)
N M 3= K% M7/
) 4 -c.-hy + b7
if we neglect on the right side of this equation y as small compared with 4
' ve obtain £
c 4 .'2? 24 / f; [’
L J = ( M ¢ B 7) ' (g02)
- S !
i This differentisl equation showa that y » Ofort o0
- = 203)
U L L 172 (
: J = &“( ? -»-))
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r;e can expect that the slack 1s picked up in the morent where the crosshead _]

regenes the highest acceleration., We can further assume thai the ma.ximum§
. is appraximately situated in the point %wbere ¥ 1s the value given by

equation (203). We denote thisvalue by y* and get

u/¢lu 3
o AT ")

Thie 18 the y-velue corresponding to t* which follows from (198) for YV a n

and 1s approximately
f t* QEA + aayX

L

Substituting heve the valus for y* we obtain

wooom (S, 3 | (204)
FL 2

¢

representing the tims at which the slack due to the crosshead motion has been

picked up. Hsre 2n is the reeving ratio, u the velocity of the cadle. E its

elasticity modulus, ¢ its longitudinal weve velocity, q i*s matallic cross section

area, 3 the dietance between crosshead shesves and fixed angine sheaves in

i battery position snd F] the slope versus time of the force seting on the crosshead

¢ due to the cylinder pressure,

This considerntion has to be justified, of course, by the actual solution of
the non linear differentisl equation (202) which cen de obtsined by a power series
of the form y = o(3t3 +o(6t.6 + o

Exasplat In the case of the Nark 5 arresting gear, the following data are
; valid: E »18.3 . 10° 1us/et2, ¢ o 10,000 Z8/sec, q » 0.00276 £42 for 1te

1" - dlameter cable ard A 23 ft. We consider the case of & 2n = 12 reeving

. ——tasw

ratio and an engaging velosity of vy « 171.3 ft/sec for which Figure 51 shovs

nsasured values, The impact stiess © is given by

' €-5. _ U . 00014/
—_— =l J
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. r(lm the graph Figure 32b). Fram the cylinder pressure curve of Figure 51 1
.. ve obtein the force F acting on the crossbead by multiplying the pressure p with the
g
@ piston area & 1 86,6 1n.2 and a friction fsctar of 1.1, The slope is found
to de
¥ e 1.1;63.16_:6 1bs/sec
Kow _
& u 0,00274,183,102, 28,1 9%.3
’ and
12 3+ 1.
o » e (%63 5)
or

. 0,128 sec,
fhe moment from which the tims t* has to b2 counted 1s the moament at which
ths impact stress reachad the distance A  befare the first crosshead sheave,
Between deeklink and this point, a cabdble length of L3 feet was located,
Thug, the time in Figure 51 carresponding to t* is equal t* + 0,0043 « 0,132 sec.
The point indicating this time is denoted by (2), The enchor tension eurve ghows that
at this time the slack has actually been picked up completely.
Figure 55 shovs messured values in tha case of a Mark 7 arresting gear
vhere q = 0,00519 £t2, A ¢ 35.5, 2n « 18, v, = 208 ft/sec and Fy = 4.53,108
vhile the other data are the sams as before. In this case, formula (20hL)
yields t* & 0,172 sec, Point @ {ndicates thig valus, Other measurements
even under very different counditians show good agreemant with this theory
too, though the particle velocity u computed from the impact stress and used
as constant valus in these cauputations can be considared only as a rather crude
appraximaticn for the actually variables velocity u with which the cable is moving,

It is remmrkabls that the asas M of tis crosshead does not explicitly appear

in formula (204). This doss not mean, however, that the result is independsnt
(‘ Lgf M becauss the constant Py dependa ca K. _] .
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r The result expressed by formlg_@oh) shows that the slack increases —l

et

Gt

with increasing reeving ratio 2n, with increaéing engaging veloclty v,

Byimasna

(resulting in increasing u}, with increasing cable diameter, with increasing

A (incressing length of the engine) and with dscreasing slope Fi of the

pressuw force an the crosshesad,

The influence of 4 , however, is relatively small compared with that
of the reeving retic 2n so that incressing the reeving ratio and decreasing the
" engine length does not appear as an adequate means for slack prevention., The
main parameters, influencing slack farmation, are the reeving ratio 2n, the
particle velocity u and the cons:t.ant Fi. For arresting gears with constant
runout valve, however, the ratio ?'l i3 rather constant and the 8lsck formatimm,
therefare, independent of the engaging speed v, .

Formula (200) shows that the tension T stays approximately constant during

the process of slack pick up as long as u can be considered as approxima*sly

-

Yo

eanstant,

The time t#* of complete slack removal is of importance because from this

& oimecy
: !

time on any stress disturbance will pass through the cable with the speed of

aound ¢ unless nev alack is produced which is in gensyal not the case,

oy

However, at the time t* the particle motim reaches the anchoy and 18 stopped there

e —

vhich results in a tension increase as ia to be seen in Pigures 5L and Sh.
{ The incressed force at the anchoxr side of ths crosshead produces higher acceleration

of it, and a reduction of the tension near the first crosshsad sheave until the

at ths deck link, This mochanism is clearly to be seen in the measurement

t tension produced at the anchor has passed through the engine cables and arrived
5 remresented by Figure 52 wvhere due to the large spsn the slack {s picked up

completely before any nev stress disturbance at the deck pendant is produced,

In the cases of the measurements represented by Pigures 51 and 55, however, ths

L 4
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trmvvraa wave reschea the deck shesve shartly after respectively before
| i the slsck has been picked up ccupletely so that a sudden tension incresase

occurs waich superposes the decreasing tension due to the impect st the
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$ [l: Impact of the Cable at the Deck Sheave —]
At conventional arresting gears, the stress in the deck pendant can be
considered as approximately constant until the trangverse wave produced by the

impact of the hock reaches, the dack sheave, Subsequently, i’ moving cable
ixpacts the sheave, resulting in a sudden increase in stresi whict can dbe
computed from Section IV 12, Figure 47 showed the stresses produced by this
impact for the two cases of a gheave with mass and a sheave without mass, the
R latter case carresponding to elipping of the cable over the sheave, Figure L7
had been computed for zero initial stress of the cable, For small initial
stresses G, 1in comparison vith the resulting impuct stresses, the initial
stress &, can be added to the resulis shown in Figure 47 in order to obtain
the impact stresses at the initial stress O, . We obtain then from Figure 47
for any engaging velocity V, and any initial stress 6; the perpendicular
initial impact stress 6':, and the stress ‘3‘, due to impact of the trangverse
. wave at the sheave,

N The span of the deck pendant af & conventional arrecting gear is usually
small (less than 120 ft.) so that any stresa wave propagates through Lt in e
vary short tims, The stress lucreass 6;- G, dus to ths cable impact at

.

the sheave, therefore, vill propagita .2 a very short tims towerd the engaging
| hook at A in Figure 56 snd t. .3e be reflacted completely. The returning
atress amount O3 =G vill pass over the kink in the cable. The angle &)
% af the initial kink vare as shovn in Figure 46 is amall enough in the casa of
S conventional engaging spseds in order to neglect the changs of &, -G,
‘. vhile passing over the secondary kink in accordance vith the investigation of

Jecticn IV 11, Thus, the stress in the deck pendant after the i{mpact at the

! , sheave is given by
G = 6:? 1&-(6:!-(3',) = ZG‘?—G,
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Figum 57 shows these values versus the engaging speed in both cases of ’]

8 sheave vith and vithout mass (slipping). Also plotted is the initial impact

‘. gtreas 6, and for comparison the longitudinal impact stress, The theoretical

l curves are in accordance with measured values obtained from the Mark 5 and °

Mark 7 arvesting gears, with 1 inch and 1-3/8 inch cable diemeters, respectively,
Most values for the stress after the impast at the sheave are scattered wround
& curve vhich would be situated very near to tha curve corresponding to a

8lipping cable so that slipping more or less of the cable over ths sheave must

: be concluded from this comparison of test and theory in spite of the high
tensions under which it genarally occurs.
The question vhether or not the cable slips over the sheave has been
answered cnly quite recently, Originally, slippage has been assumed as possible,
Later, it has been rejected becauss the groove in the sheave never showed any
signs of atrasion, On the contrary, it alveys showed the impressions of the
.. cable wires. Recent high speed movie tests, however, decided the questicn in
favor of slippage. They evan showed that under tension the sheave rim can
move faster than the cable., This result ia in accordance with the observaticn
; [‘ that & stress vave in a cabls in general experisnces only negligadbly amall
; | disturbances whan passing over a ghoave,

L Tha tim / =t vhich the impact of the cable at the shoave occwrs is
determined by the relation

tel

)
vhere / is the distance of the point of hook impact from the gheave (the half

B ey
' .

span in the cuse of a center landing) and @ the Xink velocity which {8 given
- by formla (170)

i c, _6: G ~be
] «ufF-5e

g— e b g’ .g:). 1s plotted in Figure 58 in ths case of G, = O-

|
!
!

Potnt (3) in Pigures 51 and 54 indicates this time,
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[Sincs the distacce / is in both cases nearly the same, the difference ]

in both times i3 essentially determ.rlned by the stress difference in both cases,

, In the case of the off-center landing represented by Figure 52, the times

vhich the transverse wveves need to reach the deck sheaves on the starboard
and port sides are considerably different and longer because of the large span
in this cass, In Figures5l and 54, point @ denotes the stress due to impact
at the cheave, including the reflection from the hook as computed from tha

theary.
The kink produced by the 'mpeot of the cable at uhe sheave ,3 (see

e e e e e et s
.

Figure 56) propagates toward the hock at P and upen arrival at this point

is reflected (see Figure 58) in & manner which can be ccmputed from the con-

siderations of Section IV 10, In general, however, the increase in tension
due to this reflection is not considersble, but the sudden change of the

angle which the cable forms at tha hook results in a considerable change of

, the load exerted by the cable on the hock of the airplane. The kink due to
. reflaction at the hook 7 propagates towverd the sheave ,5' producing
é.

heye another {mpact and so on,
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5. Avermge Cable Tension and Equations of Motion of & Conventional

_‘g . Arresting Cear

I? we comnect the sheave A5 with the hook / by a straight line

(dashed line in Figure 59) this line moves as point P i3 moving.

72
g

e It coincides with the position ¢f the cable always vwhen the kink has reached
Fo thoe sheave o the hook as indicated, for instance, by the special suints /7
3 h.:-:«* . and g . The figure shows that the cable section between S ama P
; 2 performs & transverse vihrstion about. the dashed lire .7
g ol : . We now weglect this vidration, replacing the actual motiocn of the cadble
tetusen points j ad P by a straight cable .5 P ; rotating around
s point .S in any mouent, We further neglect any longitudinal vibration
. of the cable vhich might take place betwean the hook point /- and the enchor.
| Ia‘othar words, ve agsume that the tansion of the cable et any tims ¢
| is & constant along the totel cable changirg nly with the tims £ . Thie
P | - tansion % ve Jarsie as the average tension in the arresating cabdble,
o3 o Under thess simplified semupilons, ve desterwine the squstioms of the

sot.on and cabls tension of s ccoventional arresting gear as represented
schsmatically by Figure 60, The flgure shove the geamstry at any tize f «

Tha ceble length betveen boak point and anchor in battery pogition is denoted

by L , thz half span by j , the airplans mase bty /77 , ths oase
of tha moving crossboad, iocluding sheaves and rem by M and the number of

; cablee pulling ot the crosaleed at ons engine atde (tha reeving retio) by &#.
It is assumed that the engine la reeved sysmdtrically and thal the landing {s

j on center, At the croswbowd other £/7 cables ere puwiling from the other eide,
They are not showvn lo the figure., The force scting agsinst the croashesd

! o~

{ moticn dus to the cylinder pressure is /= .

| - -

-ueg 6D, PRINE., P4




te s st e

4RO BARSE408 (REV, T4.08) REPORT HAFACT-ENG- 6169
PAGE  1LT
f" ]
P
}‘D 3) IMPACT
Al HOOK
n
2) IMPACT
AT SHEAVE |
K) —— %0
KINK MOTION
Vo
1) INITIAL
IMPACT
FIGURE 59
(- J




- e A

S v ceme s e

I3

JU e

T I T g e et T TS N NTI k AR S e ki e v e i b TN L S 1 3 E PN DA st

R ANdenames 2480 (REV., ooy,

REPORT MASACT-ENG-6169
PAGE 143

3 , - 1

‘ _ P
| T A mT-

; | 2 X

\\J

S !
ix

DECK -
SHEAVE

&
L TR 1
| / A
i | BAT TERY

(;5 POSITION )

9
q) >Ciw
O

——t

ABLES

|

! MOVING CROSSHEAD

FIQURE 60

—
NAZYoMPY €UB, PUILA,, P4,




.. AxpMANC2408A DKV, (8488}

REPORT HAFACT-EHG- 6169
PAGE l)+9
. r- Acting against the airplane motion is the force X due to the _1

tension 7 . Ir @ is the angle between the cable at time </  and its
= position 45‘0 at time zero we have

|

(i _ _2—/%--_‘0}?0.
|
|
|

and since / e 1%!@
: @9'%

X being the runout of the airplans at time &  we find

. X = 27’-—-——-—;—- : (205)
; , xtr Lt
Accarding to Nevton's law, the equation of motion of the airplane

”

77 x .-.:-X,

Replacing N by the expression (205) we get

| i

: + 3
: whare X = _“{f 5; 5 V  baing the velocity of the airplane,
] During the time £  the crosshead will have made the stroke Y

-
-

the alongation of tha cable dus to the tension 7.

L m fxwd Z - 2ny

and accoxding to Hooke's law
T-T = 250557 <t ~2ny) il

is the {nitial tansiom, ? the croes saction of the cable
and & {ts elanticity modulus,

]

/ 2
ST - %’ .;X_ ,/ Xl,‘. "7 (206)

. Thus,

ore
ety

vhere 7:

The crosshasd moves under the action of tha temaion 7  {n the 47 cable
segments puliing at it and the action of the force A4  due to the cylinder

pressure., Thus, the equation of motian of the crosshead is

/‘1}:’:4;77'-—/" (2c8)

according to Revton's lav,

b

\ J arroaty 4up, PHise,, P2 -
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2w F 1sa given function of time é‘ , the three equations (204, (207),
‘ and (208) determine the three unknown functions X ™ x(¢) J &”L/«'L)

and 7 = 7 . Replacing 7 in equation (207) by the expression

{ i (208) from equation (206) we obtain together with (208) two non-linear
seccnd order differentisl equations for the unknown strokes X and Y

as functions of time, No exact genersl solution of this gystem for which the

; initial conditions are ' ’
| _ X=0, x=4 ,6 Y=o, y=0 (209)
' : at time éL a0 is known, However, computer solutions will be available in
ths pesar future, Aporaximete sclutions under special comditions can be obtained
by existing methods, For instance, in the case of low reeving ratios, such
' solutions have been discussed in detail by Robert 8. Ayre, using the phase-
plane-dalta method ¥,

For the design of an arresting gear considerably more useful is the

salution of the problem to determins F for an aversge tension 7 prescrived

as & function of the runout X » This problem can b® salved exactly in the

; i following manner. If 7 (%) 1s given equation {206) can be written in the
)

.

form Fon) == X j x e
ox - < ;r:
PR Py
dti) s Trx
do) T T m
. xd Vated®
frou vhich rollovs X
i Ve'": V" ed x 700 ol x (210)
i (]

! ” TS
§ o xzw é’x

ybare Va x ia the velocity of the airplans the initial velocity at

the time 2@  betag V . The time ¢ belonging to the runout

o

is then given by

AER A AL IS BT Y I ] TRY RO T BN

|
i | L. # Reference 15 _J
|
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§ r i
" ¢ f : (a11)
i. ’// V - .//ﬂ 7H?x) ‘J&
x . l

The stroke y  of the crosshead follows from equations (207) which ylelds

= L S 3 - (212)
- Y ‘,ﬁ/-xh! -4’—?_42(7‘(4)__?;)]'

T™e velocity of the crosshead

N X 4 (213)
2 [r—-'——x“é‘ 5‘& 7"(1)./ v
| vhers —/ A7
A

Differentistion vith respect to Z‘ yields the acceleration of the crosshead

[2’---—-—-—--:3 —..... 7"(;))\/ +/m_ '- (‘x)) ] (2ak)

v? is given vy (210). v' a X  follovs from (206):

- v ow =2 AT (215)
. Y ]

f Xad

Thus the wknown /4  follova from equation (208) in the form

{ Fr) = *fr,a7‘u) --------/-(V.___‘.l_ls o~ (»)(y -4 X”ﬂ)p/)

A¢4
-—.‘_’*(—.5.._...____ ())a\"?"f’x)
m T

rwl‘

(216)

. vhich is required in arder to cbtain the prescridbed avarage tensicn Tru),

l_ This formuls Jetermines the force A  sa function of the runout X

At the time 230  the presswe farce A70) and the force 44 70

dua to cable tensicn are supposed o0 be in equilitrium at the crosshead so

L- .

TAaTvYe NPy 409, #BlAG,., P8 .,
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rtha.t ]ca for 1‘.-0, Sinece there i3 at the time ZL- o j
no daceleration of ths airplane under the simplifying assumptions upon which

this econsideration is based formula (214) ylelds

v fy
_ E£ (217)
7"(0) = 57

as additional condition to be satisfied by the function 77¢x),
For conventional arresting gears with high reeving ratioc, for instance

the Mark T arresting gear with 27 = /&,  the right side of formula (216)

13 not very different from  #/7 77¢x)  so that approximately

In Pigure 5% vhich represents & Mark 7 measurement, the curve F/!:,;- o)
versus Gime £ has been plotted. The values of (2= ‘:);"‘70) are

camputed from F7E) = Fro) . 314 ( o pro)

4 26

using the measured values of the cylindar pressure curve ag prescrided values,

According to the preceding discussion, this curve approximately represents the
aversge tension valuss - 7, . On the other hand we can consider ths

average tension '5: appraximataly as the mean velus of the anchar tension
and tensicn measured in tha deck link. At the tim correspanding to point (2
the anchor tension ia about zero, Thus, the tensioan in t.ha dack link must

be apimroximately tvice the aversge tension value, In this way, point @

has been camputed.

PYY.ROS M9, PULLA,, P2
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E: Tension Yibrations in ths Arresting Cable -‘

RN
By

The tension in the arresting cable at any time f is far from being
“ constant along the cable a8 & comparison of the tension at the anchor with the
tension at tha deck lini:/,ak;?ﬂindicated in Figure 54 for instance, This tension
difference is caused by the fact that a disturbance propegates with the finite

velocity € Disturbances are produced by the initial impact when the

hock engages the cavle, tha impacts of ths cable at the deck sheave, the
{mpacts of the cahle at the hook and especially the longitudinal impact cccurring
at the anchor in the moment when the slack 1s picked up completely,
The initial impact produces after a short time slack (zero tension) in
the cable at tha anchor end i{n the case of a conventional arresting gear which
{s pieked up campletely at & time &  determined befare. The longitudinal
_ moticn of the eable is in this noment asuddenly stopped by the anchor resulting
{n a sudden incresse in tensicn, From this moment on,any disturbance

S propagates with the speed C  unless nev slack is producad vhich is normally
gosluded

H got the case and shall be/for the following discussicn. Then the anchar
o r L4
o0 impact tension arrives at the dock link et the time é v <
i ”
p! and {s reflsoted at the hook st the times ¢ + é (see Figure 5L},
b
; -

The reflscted vave arrives st the anchor at tha tims & + & Eé and o an.

The first impact at the deck sheave occurs at the time Z‘, = 3,

vhare @, (s the average transverse wvave velocity during the travel from the

center spsn to the sheave, If the slack has been pickad up before this impact,

T Y bt e e
U— .

o1 the rezulting tenaion disturbance travels with ths velocity € too. If we
naglsct for this tension propagation tha distance betwsen sheave and heok both

- [ ]

s‘ d{aturbances have a phase diffeience of (‘ - [; .

e ruPy dadp, Puibe., PA .
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F‘ The next disturbance occurs when the transverse wave which is reflected —1
at the sheave arrives at the hook., The required time is 4 = Z{-i
vhere l, denctes distance between sheave and hook at time [’} and &,
the sversge transverse wave velocity during the travel from the gheave to the
book and so on. The disturbance travels with the velocity € having a
phagse difference éz - /} against the preceding disturbsnce and so on.
With inereasing time, the distance between sheave and hook will not be
negligible anymore for the computation of the propagation of the disturbance,
However, later the disturbances will be damped ocut anyhow and will ‘have no
interest anymore the vibrations assuming more and more at random character,

At conventional arresting geara, ancther disturbance is produced by the
deck link connecting the deck pendant with the purchase cable, The mass aof
such link is considerably larger than the mass cf a cable segment of the same
length., According to the investigations of III 4(d), the longitudinal stress
propagation is disturbed by such link during a very short time only, However,
there 15 a considerable disturbance resulting from a transverse wave hitting
the deck link, The magnitude of ths impact stress obtained in this case can
be camputed from the obliqua impact formula, Figure (61)*3110\:5 a deck link
tension measurement from a Mark 5 srresting gear in camparison with the deck
link and cabls motion obtainsd from high speed movie pictures. The considerabls
tension peak (points 2 and 3) due to the impact of the cable at the link should
be noted.

The phase differences between the stress waves discussed before are
{mpartant for the design of conventional arresting gears, If, for iastance,

{74 =0

the initial stress wvave returning fram the anchor in form of an anchor impact
vave coincides with the stress incresss due to cable impact at the deck sheave

L:t the tine (‘, ; the result i{s a superposition of high tension peaks in _’

sevYimP) 4n8, PRILA., P
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[the deck pendant which reduces the applicable engaging speed of the alrplane. |
In the first Mark 5 arresting gear design, this has been exsetly the case.

Far a fixed erngeging speed such coincidenee can be eliminated by changing the
cabls length. However, since the time 4’ depends on the stress

in the cable and, therefore, on the engaging speed while (for constant runout
arrentiné gears) / ? is appraximately canstant an optimm csble length

can be obtalned &3 a compromise for a certain speed range only.

Finally s different type of streas vibration has to be mentioned, It

is that of the average tension 7 due to the mmss of the crosshead, If

the masse M of the crogshead is large, its response to an increasing

-

decreasing tension 77 will ve slow. Thus the tension will increase to a

or

higher value before it sterts moving and will drop to & lower value before

1t stops moving compared with the case of a small /1 , This shows that the
cabls and the meass of ths e¢rosshead form a vibrating system. In order to
determine this vibration and especially its frequency, we assume that X = x//‘)

18 lmown and replace 7 in equation (208) from equation (207) which

yields L £
‘;’ *~ %—y = ?/&“) (2_]_9)
vhare ’
" £/, . Fe
99/:‘)-—/'{-,—’/7{'*%-//* 4 -f)] v (220)

Thias is the differential squation of a forced vibration, Its solution with
the initial conditions

yeﬂ‘ js& far f‘co

t ¢
y= -;:-/cfv'n yf/?/f)ra.u/n/f - c‘o‘)y{/;”/t")d"’?yff#] (221)

is
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ﬁ;!ha!‘! '/ 69/:7Z§L AEE -1
[ e

Replscing nov Y in equation (207) by this solution we obtain

I'q
7 = 7+ %ZE/ A Ly N ?/@»%{/}m»[‘/ﬂ- Mﬂf 4”//)#);»//{/(223)

Vo=

For the time {mrmediately after the engagemsnt we have approximately

X=vl, Fspn7+ AL | (224)
vhere 44 is a ccmsta.nt.ﬂ Thus for small l‘ values
PIt) = x (»L)° | (225)
vhere V,,z
K T M (226)

With this function @ the integrals in (223) can be evaluated analytically
and yleld ths result

7:= 7;4'%'—{5 ‘/Xtvﬁjz-f -v‘--'-i%ir -?-,?f/.?.v/‘-—/»f)z)]‘ (227)

o=

This result shows that the average tension 7°  conteins a vibration rev v/’

vhere ¥ 18 determined by formula (222), In the case of the Mark T arresting
goar where

L )
Imel2, ¢ = 000519 5 E= 1831 /I,
L =786 F Mea 447 o voc'/ 5

we obtain from this formula
Y a /32,4

which means a rather high frequency.

L. -
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- r‘;. Multicylinder Arresting Engine |

In order to avoid tension peaks in limited areas of the arresting cable
vhich will reduce the performance of the arresting gear, we have to try to
; distribute the amount of energy transmitted to the cable in form of strain
energy, for instance by an impact, immediately over the total cable, Several

- methods to do this have been proposed by the author of the present monography

F and ghall ba diseussed briefly in the following sections. The first method

consists in using a large number of small c¢ylinders instead of a large cylinder

as indicated in the schematical figure 62, The piston of each cylinder carries

one crosshead shesve, All pistcons are able to move independently. All cylinders

are close together and connected by pipes so that the fluid can move freely from

ope eylinder into another. The cable is reeved like & conventicnal arresting engine,
Any tension incresse in the deck pendant propagalies to the sheave attached

to the rirst pistcn and pushes this into the first cylinder. The rising pressure

in the liquid propegates into the other cylinders pushing the piatons eut and

5 produces tansion in the cable. Though the velocity of ths pressure propagatian

in s liquid is only about one-half af that of the stress propagation in the
cable, the energy transmitted to the cable in foarm of strain energy is dis-

tributed naarly at ihe sams time over the total cable bacause the distance

S mt o e n v S

between the pistans in the liquid are dus to the compact arrangement of the
! cylinders by fay shorter than the distance along tho cable, The pressure is

controlled by a valve in any conventional way. Any disturbance of the tension

!_ at any place {n the system is distributed by this device in & very short time
. over tha total cable so that superpositions of tenasion peaks never can occur.
§ E Since the totsl piston area can be made large vithout increasing the mass of the

single crossheads and pistons too much, this arreating engine cal be opersted

at considerably lcwer presaures campared with conventiosal enginss of the same

Lp_erforﬂnc‘ . __j
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r B

Because the tension in the cable will not dsviate considerably from the

average cabla tension as defined in sectiom V5, the required pressure can be

"

computed directly from the equations of this section without particular

consideration of disturbances due to impacta. No slack will ever form in

this system.
}
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F§. Slackless Reeving Systeme and Moving Sheaves —]

A secord mathod for distriduting an energy amount in form of strain energy

simultaneously over the total cable in & more or less perfect way consists in the
use of slackless reeving systems. For instance, a reeving system as shown

: in Figure 63 consists of the conventional moving crosehead and a conventionsl set
of fixed sheaves, In between pairs of sheaves are arranged which can move along

short tracks, The cable is reeved as indicated in the figure, A stress produced

in tha deck pendant propagates nov in a very shert time along the cable segment
which runs in turn over a fixed sheave and ome of ths movable palrs because this
cable segment is very short in comparison with the total cabla length, The
stress in this cable segment is tranamittad also in a very short time to the
cable cegments between ths sheaves of the moving orosshead and the other sheaves
of the moving pairs, Similarly, any disturbance at any place in the system is
distributed in a short time over the total eable., Tha trackafor the moving

» pairs have to bs short . Dbecause they have to move unly about a distance vhich

- is sufficient to equalize the tensicma i{n the cable segments,

Examples far other slackless reeving syatems are represented in Figure 64
vhere fixed sheaves are shaded. Here, hovever, tracks of considerable length
for the moving palrs are required, The longest must have the length of about
3 one-half of the total runout,

S
v The slackleas reeving systems dlocussad before are charncterized by the
use of moving sheaves. If the installation of such syoten at an existing
: engins 1s i{mpossidble, slngle movinyg aheaves connacted vith a saparate daxper
2 or shock absorber might “s feosidle and useful. For instance, a aysten ao
: : shovn in Figure 65 can be used to eliminate the adverse effect of the cable
ixpact at the deck asheave vhich usually produces the highest tenaicn peak,
ot , | ,5, 1o the dsck ahcave. Bstween LS and eother fixed shasve S,
!
~‘-, v L -
X :3\%-3 t cedp dep, suina., 04 .
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LT 7

& movable sheave A5 canpected with the piston of & shock absorber is installed.

By controlling the pressure /D in ths shock absorber automaticclly the

incoming initial impact tension or the tension increase due to impact of the cable at
the deck sheave can be reduced to a desired degree, Analytical and experimental
invesdigation of such and similar systems are in preparation,

. , We dencte by 7, the tension in the cable due to the initial impact, by

- A, the length of the cable segment & 4 = G vhere S,

16 the initial position of the movable sheave o5 and by O  the acgle
betwean &S', ,f and the axis of the pistmm, Yz is the mass of the
moving sheave including ram and piston. We approximately determing here the
required force F as function of the tima / in ordsr to produce

8 given tension 7 in the cable due to the motion of the sheave, We can
assums that ths tenasion dus to the motion at the time f is distributed equally
along the cable between the hock point and the point in the distance ¢  fram

3 the hook point, Then A
- A
7:'-7”:- e py 2 5&5 (228)

vecause 2/ 2 ~d,)  1is the cable length shout vhich the cable length ¢

Bete o d
Y A

ke e, L T

bt

has been shortened due to the sheave movion., From the gsowetry of Figure 65
follows further |

s = e SRR

J «"/"?da
: T e 22
i ’99 verp K (229)
‘ 1 :_Y__ ' ;‘
y i 3 2 RS, - S X, f;?o(. (230)

(<]

. Tha equation of mwotian af the ghasve ia
& my = 27 eor a - FTé). (231)
& ! It oov 77 is a prescribed function of /' equation (228)dstermines J = 7,
From equation (229) follovs o = o//) . Thus, from equation (230) y = y/4)
{ {s nown and equation (231) determines subsaquently the required farce 2

svT.RPL SuB, wIMB,, P2 .
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r 7
F= Ft)

; fron vhich the required cylinder pressure X  as function of /  or as
i‘ function of the siroke )’ can be computed., This cemputation is valid

' | l only fqr/?;im during which no reflected stress wave returned to the moving
sheave, After this time the computation can be continued similarly under new

e initial conditions.

3 By a corresponding spproxivate method the required farce /~ can be

determined which has to act against a movable deck sheave in order to obtain

e prescribad cahle tensiom (see Figure 66), Here we cssume that the deck

sheave vith the mass /7 including all movable parts starts its motion

perpendicular to the deck pendant along & trsck under the influence of the
tension 7/  produced by the initial impact the farce /  acting in
opposite direction,

Since ths mses /77 sturts {ts motian from zerc veldcity undsr tha
influence of 7,  we can acouwe that the angle /3 of the deck pendaut
after s shart tim ¢ i{s nogligibly small, Then /77 is moving under

the farce 77~/ ., Duwe to the motiom of the shawve, about the amount y

{ tha eadla is shoartenad about the same smount. Thus

) B s SO

T-T= 2 o |
T T=3 ¢& (232)
, vbere again is assumed that the tension 77  is spread uniformly over tha

length ¢/ . The equstion of motion of the shsave ls

o

my = T = F(£).
If nov 7" 15 & prescrided function of the time < equation (232)
- dsteraines y a8 functionof / . Thus A74)  can ve computed fram
equation (233). Eliminating ) from the equaticns (232) and (233) we ovtain
! for the required force
Flh) = 700 ZC (2T £F) (235)
-; L ad ]

SrT.APE 4D, FBILA., P2

(233)
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. r-This result is valid only for a short time after the start of the motion —‘
of the sheave according o the simplifying sssumtions made before and at most

until the transverse wave hits the moving sheave,

Of particular interest is the case /
. -d
. T=7 e (235)
,, vhere 7" is exponentially decreesing with the time f.

In this case farmula (234) yields
: i3 L rme ) et (236)
| = / 1= 22 2z * 4 S E e

For practical applications the controlling farce A will have to be zero
at the moment 2= 0 where the tension 7, reaches the sheave because
otherwise 1t would have to = jump exactly in this mament to the required value
wvhich seems difficult to realize, This condition can be satiafied in the

presant casge by chosing

Je 4 2&
2 e

(237)
. The farce /  is then determined by
F e -3— s e-‘)f. (238)
i' ) This result is represented far a 1-3/8" cable and sheave weights af

1000, 2000 snd 4000 pounda in Figures 67 and 68, The first of thess figures
ahows the dscressing tensions in the thiee cases. The second repiwsents

the corresponding control farces ~ .

- -
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r;. The Water Squeerer —!

Closely related to the last problem of the preceding section is the
gtarting provlem of a simple type of hydraulic arvresting engine presently under
development at All American Engineering Company, Wilmington, Delaware, called
the "wvater squeezer.," It consists basically of a long closed tube of variable
inside cross section or any equivalent device through which a floating piston
5 is pulled directly by the arresting cable (see the schematic figure 69).

i The cable seals the tube which is filled with water, The orifice between

piaton and wall of the tube provides ths controlling force F required

[

far & desired cable tension,

The tensicm 7;' dus to the initial impact at the deck pendant yropagates
along the cable and is reflected completsly at the mass 77 of the piston so
that the piston starts to move dus to the tension 27, ., If Xx  1is
the stroke of the plston after & short time ¢ the cable segnent between the
plston and the point in the distance c/' is shortensd about the amount.x,

Thus the tension 7  in this cable segment is given by

AL -T2 & G (239)
g‘ The equation of motion of the piston is ‘
7 X = T FOL) ‘ (240)

ag long as no new tencion vave arrives at the piston. If we eliminate Xx

from thess two equaticns wa odtala

Ftd)= T'w 228 (27w £ 7)

¢

vhich {8 identical with equation {23h) of the preceding section,

Thus {n particular tho result represented by the Pigures 67 and 68 can
be applied directly to the veter squeerer vith the difference only that '7:
has to be replaced by 2 7:: . A satiafactory performance, however, can be

L -
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é r 7

b expected only if the tensicn 77 which is lower than 27, arrives st
the deck psndant before the transverse impact wave reaches the deck sheave,
Unlesa the deck span has a considerable length too, if the vater squeezer

{8 long, the tension 27 will be superposed by the impact tension at the

P

i deck sheave, At a canventional deck span a long wvater squeezer will give
. gatisfactory resuits only if it is coupled with e moving deck sheave or a

- moving sheave device as represented by Figure 65,

! -
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10, Three-Dimensional Cable Motion, Double Wire Engagements 7

The inveatigatiens of uals monography have been restricted 4o two-

: dimensional cable motions up to thlas point. However, the method of analyzing
such motiou by s ssquence of obligue impacts 1is applicable also to three-
dimansional problems, %his will be explained in the presant section 8t two
problems arising with the airplans arrestment.

The tail hook of tha eirplans to be arrested has in the moment of cable
engagement a downward position forming with ths deck an angle which can be as
large as 50° depending on the installation of the hock at the airplane and
the position of the landing sirplane sgainst the deck {sae Bigure 70),

Por simplicity let us assuma that the airplane moves parallel to the dack
from ths moment of engagemant on. If we neglect the mass o the hook, {ta
direction subsaguently will be that of the force vhich the cabls exerta on
it, The motian of the hook point is, tharvefore, that described by 8
tractrix.,

We denote ihs length of the hook shank by j + the dlietance of its
pivot point from the deck by A~ and {ts veriable angls with the deck by oX .
In the musent of engagemant at the time < = &  tha velus of & is denoted
by o, vhich is a given value, The X - axis of & rectangular coordinaie
systex ghaws . into the direction of the woving sirplame, the J axls belng
porpendicular to the deck., The origin (7 ie ths engeging point of tho
cable, PFrom Pigure 70 follows then

X ow ¥, & e é fod of, = .zjéa: &

‘),lvs é‘- «ﬁflhd.
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r 7|

vhere ¥, is the landing velocity of the airplane. From these equations

we obiain the result that the gotim «f the hook point 1is given by toe

:g equaficals ‘

? X = )2 fL +~ {? 8% C<G’ - Jp 42346 ;?g //ZL'- Zf,‘) {iﬁ#l)
’; y s ILI - f; -

| Cosh F (€=t {2k2)

' where the constant [t i3 determined by
. Y of
- FL=bb5 (23

This rasult can be written in dimcngionless form, We introduce tuo

constants X, .Yo setting

v, .
%f = oS X, #2;‘1;, %’-“ J7 Ko (2kh)
and a8 transfarmed time
: . r= Yt L) (35)
C and obtain
. X=X _ 7-..73;4?- (246)
; ?
n Y=o o _ !
P v cosh T (2k7)

Filgure T1 shows this curve,

The velocity components x', 54 of the hock point are given by

. 2
FRYLS Lo BT (2u8)

Ve ) ’6 JVaﬁ!( ZN'

PR

and its wveloeity v by

o~ i

Yoo Hher. (243)
v %94 T

¢ (]

e 3

s
The largest upward velocity compouent )/mcu - {( .

B
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[ he hook point motion s dsscrited befors is determined from kinematical ]
considerations only. If we replace this motion approximately by two impact
:. motions, one with the perpendicular impact direction &, and another
oblique impact motion which results in a horizontal motion we obtain &
- cabls ghape as indicsted in Figure 72. TLa cable tensions can be computed
approximately from results obtsined in Chapter IV,

We now have between the hook point P and one of the deck sheaves «J'
two kinks &, and @, in the cable, Both are moving toward 5 with
a speed vhich is determined by the stress in the cable, When @, finally
has reached the sheave L§'  the downward motics of the cable segment 24,
is stopped at . and the cable wvill start to lie dawn on the deck a process which
propagates fram ' toward the hook point 7 with the effect that finally
the hook point is pulled down to the deck, Tmmediately afterwsrds the hook

point will start to move upward again similarly to the upward motion after the

Byt el

initial engagement.,

The actual motion of the cable after the initial engagement is shown in

[ Q|

the photographe, Figures 73 tarough Figure 81, The first of these piotures

2o e

is remarkable as a document for the precision with which the initisl kink

———

wave occura, In the following pictures it can be seen clearly how the {nitial

AT

cable triangle is bent over into the horizontal plane as describved before,
The last four pictures shov an the cther side of the deck how the kink ¢,
moves tovard the sheave bringing the cable gradually down. In the last

i pletire &, hos Just reached the deck link. Shortly afterward, the cable
will lie dowm an the deck nsar the sheave,

i A serious problen for a safe operation of an arresting gear is presented

by the downward motion of the deck link {u its conventiona} form (see Figure 82),
! If there {s a downward motion of the airplane tail after the engagement

s ‘ < g PRI I TS AT A T GGt el s SRR S e e s
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FIGURE 75
CABLE CONFIGURATION AFTER IMPACT
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FIGURE 77
CABLE CONFIGURATION AFTER IMPACT
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CABLE CONFIGURATION AFTER IMPACT
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[the downvard motion of the link with the motion of the cable will be increased |

and in axy case the link will hit the deck with a finite speed. By the deck
lipk in this case a transverse cadble impact stress is produced in that morent
which propagates into the link while at the same time the terminal A
{eoe Figure 82) is elastically repelled fram the dsck and produces & transverse
impact at ths terminal .23 . Superpositions of the produced stresses
end thsir reflections combined with local stress concentrations due to the
structure of the link ran yesult in peak stresses which are sufficiently
high in order to break the terminal S .
From the standpoint of cable dynamics this pesk stress can be reduced

=ainly by reducing the angle X, between hoci and deck (see Figure 70)
{in thsa moment of engagement and by reducing large tension vibrations in the
cable in ordar to avoild high tensicn in the cables {n the moment of downward
moticn of the link,

- Tos last candition will result in the use »f alucklags reeving syatems

; - or multi-cylindsr engines, Thep, however, deck links can de eliminated con-
plately by shifting the cadle about a amsll amount Like the ridbdbon of 2 tym-

I vritar after gach engagepent. This can be done autamatically with each

' retraction, Probability investigaticns have shown that a deck epan length

¢* 100 feet can be engaged more than 10 times a8 frequently as in the cass

of a deck pendant with linkg beside the fact that thes total ceble is usable

for engagement.,
l Apother proulea relsted to the considerations of this section is that aof

louble wire engagemnts, According to these considera$ions, the hook

— e b e

———y

caaen dovn Lo the deck after a certain time after the engagement vhich can be

camputed {rom the time a transverse vave needs to travel freom the point of

| e -
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rengagemnt in the center of the deck pendant up to the sheave and the time 1

for such wave travel between sheave and hook. Both times are dependent on

the stress in the cable and, therefore, on the engaging velocity. In Figure
83, these two times are denoted by (‘; and fé . If the airplane passes
over a deck pendant, the main wheels depress the cable, These transversc
depresgions travel to the deck sheave with a speed corresponding to the
initial tension in the cable and return from the sheave with the uvame gpeed
in form of an 2levation, 7f this elevation arrives at the center of the
deck pendant at the sams time when the hook with the preceding deck pendent
cames down to the deck, the poesibility of a doudble wire engayement is
created, O course, the possidility of such ccoincidence depends oa the
spacings of the deck pardants and their lengths. beside the wave veiocities,
Figure 83 is computed for the cese of a Mark 7 arresting gear with a 1-3/8"
caule., Tha wave velocities have been computed fran measured average cable
tensione during the imes in question. There are two sets of curves characterize
Ly span leangths and by spucing distance, The intarsaction of two curves
(one of eech set) corveaponds to & possible double wire engagement and determinss
) ' the engaging velocity at which it can occur. The solid cireular point, for
' instance, shows that at & deck span length of 93 feet and a spacing of 20 feet
& doudle wire engagement is possidle at an engaging velocity of about 73 knots
and that the time £ # /5 vetween first and sacond engagenent is about .16
seconda, The plotted points show tha existing conditicns for several alrcraft
l carrier classas vhich are favorable for double wire engsgemsnta, It can be
; showvn, however, that double vire engagements are possidble only for rathsr accurst
center landings,
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[Final Remarks T

This monography an cable dynamics is an extended version of 8 series of
lectures the author presented in Fhiladelphia, Pa. and Los Angelos, Calif,,

in 1955 to selected groups of engineers and scientists of industry and Government

in arder to furmish information on problems and methods which the development
of the airvraft arresting gear instigated. Though these investigatlions are of
gensral technical and sc'ientiﬁc interest, the purpose for which they have
bean done involves that this book is rather a presentation of selected subjects
af cebls dynamics than a textbook of the field, For those who wish to obtain
a more complete knowledge of the total field of cable dynamics, some books
which will close the existing gaps have been included in the list of references,
A considerable number of problems in tbis moncgraphy could be solved

only by rather crude appraximstions, The possible solutions of others have
been sketched only. Many analytical and experimentsal investigations are still
undarvay. Tharefore, in arder to avoid a further delay of thia publication,

- it is intended to add currently the results of such investigations to this

o monography in the form of appendices as soon as they are avallable,

s T.RPE 4B, PMILE., P2 .,

e ———



ENPNARE B400A

-

Figure

Pigure
Figure

Yigure
Flgure

THgure
Figure
Figuoe

Pigae |

alaatra,

Figure

s v e o IR

tagy,

18
19
23

2k

32a
3

(Wi
a0

57

58

Figure 83

o L.

carr.mre dRp, PWiLa,

te.e8)

*e .

REPORT NAFACT-ENS- 6169

PAGE 1Ok

LIST OF GRAPHS

Measuresent of the Elasticity Modulus of a
1"-Diamster Cable

Stress in a Cable which pulls 4 Maps
Velocity of a Mass which is pulled by a Cable

Tension Formation in Two Adjacent Different
Cables

Influence of an Inelastic Mass on the
Longitudinal Stress Propagation

Obliqua Impact Stress
Oblique Impact Stress (Detail)
Obliqua Impact stress 'or Zero Initial Streas

Tranaverss Impact Str:ss for Various Iaitial
Streasses

Measurements of the Transverse Impac’ Stress

Transversa Impact Tensions for Various
Csble Diameters

Kink Angle at Transverss Iupact
Simple Impact af & Cable at a Sheave

Cable Impact at the Deck Shwava of an
Arresting Gear

Kink Velocity for Transverse Iapact

Double Wire ‘ngagemsnts

f']
Page
1h

50
52

69
ok
95
96

g7

1ns

119
143

145

192

Loy




et an

R 5 T

- CHD.NANE.E48B (ALY, 1848D) REPORT NAFACT-ENG- 6169

-

1.

2.

9.
10,
11,

12,

16.

L

AN e s T RSSO L aty veae ek G

PAGE 195
REFERENCES —1

Lord Rayleigh, Theary of Sound, Last American Edition, Dover Publications,
Nev York 1947

B, de Saint Venant, Choc Longitudinal de Deux Barres eélastiques
Comptes Rendue de 1'Academic des Sciences, Paris, Vol. 66 (18685, pp. 650-653

A. B, H, Love, A Treatise on the Mathematical Theory of Elasticity,
Cambridge University Press, London, 1927

J. P. den Hartog, Mechanical Vibrations, McGraw-Hill, Inc., New Yark
and London, 1940

Ph, Frank and R. V, Mises, Die Differential Gleichungen der Physik,
Vol. II, Friedr, Vieweg and Sohn, Braunschwelg, 1935

G, ¥. Carrier, On the Non-Linear Vibration Problsm of the Elastic String,
Quart, Appl. Math. Vol, III, pp. 157-165 (1045)

G. F. Carrier, A Note on the Vidrating String, Quart, Appl. Math., Vol. VII,
pp. 97-101 (1943)

F. O, Ringleb, Dynamics of a Moving Cable, U, S, Naval Air Material
Center, Phila., Pa. Report No, M-k812 (191’»8)

F. O, Ringleb, Cable Impaci at a Mov Sheave, U, S, Naval Alr Material
Center, Phila., Pa, Report No, M-5622 (1953)

F. 0. Ringleb, Doubls Wire Engagemente at Alrcraft Arresting Gears,
U, 9, Naval Air Material Conter, Phila., Pa, Report No, M-5927 (1955)

¥, 0. Ringleb, Motion and Stress of an Elastic Cable dus to Impact,
Journal of Appl. Mechanics, Faper No, 920, to be published in 1957

P. §. Marble, The Motion of a Finite Elastic Cable, Report of Rorth Arerican
Instruments, Inc., Altadana, Celiforais, 1954

C. Tuman, High Velocity Engageent of Arresting Wires, Repat or U. S,
Naval Air Missile Test Center. i:7-%L Mqu, California, 195k

V. J. Xaufman, Recovery Equipment Study and Proposed Mark 8 Arresting GCear
Program, U, S. Naval Air Material Center, Phila,, Pa. Report No. M-6070 (1956)

R. 8. Ayre aad J. I, Abraazs, An Analytical and Scale Model Investigation
of Alrcraft Arresting Geer, The Jchun Hopkina University, 3tructural
Dynsmics Laboratory, Technical Reparts Nos, 1 and 2 (1954-1955)

L. C. Pong, Longitudinal Motion of Arresting Gear Cablea under Transverse
Impact, U, S. Naval Air Miasile Test Center, Polnt Mugu, California,
Memorandum Repart No. 55-5& (1954)

CIYCNPS dud, PuinaA,, e,




SO NAMCLR4BNA (REV, 10.88) REPORT MAEACT-ENG6)69
PAGE 20

r ]

REFERBNCES (continued)

17. F. E. Knecht, Nylon Deck Pendsnt Evaluation and Effect on Arresting
Cable Vibratory Loads, U, S. Naval Air Material Center, Philadelphia, Pa.,
Report No. M-5760 (1955)

18, D. Baneroft, The Velocity‘of‘ Longitudinal Waves in Cylindrical Bars,
Physicel Review, Vi, 55 (1981)

19. R. L, Smithk and R, M, Brown, A Determination of the Dyuamic Modulus of
Elasticity of a 1" and 1-3/8" Arresting Gear Cable, Propulsion Research
Corp., Santa Monica, Calif,, Report No. R-239 (1956)

20. Sywposium on Impact Testing, American Society for Testing Materials,
Special Technical Publication No. 176 (1955)

21, 3, Kavashima, On the Vidration and the Impact of Elastic L‘kbles,
Kyushu University, Memoirs of the Faculty of Engineering, Vol. X1l
(1950), pp. 59-138

22, 3. Kswvashima, Supplement to the Report on the Vibration and the Impact
of Elagtie Cables, Kyushu University, Memoirs of the Faculty of

Engineering, Vol., XII (1950), pp 235-243

23, J. C, Cole, C, B, Dougherty and J., H. Huth, Constant Strain Waves in
Striugs, Journal of Applied Mechanies, Vol. 20, No. 4, 1953, pp 19-22

L -

Caave MNPy 4GS, Puipa.. P,




(B RANC. 24884 (REY, 10.88) . REPORT MFACT-D‘G-6169
: PAGE 157

ACKNOWLEDGMENTS

The author is indebted to his colleague, Mr. Walter J. Kaufman,
for many inspiring discussions, to Mr., James S, Hughes, Jr. for
valuable contributions and assistarce, and to Misa Dorothy M. Coffey

for wiriting the manuscript and reducing the author's linguistic eins,

e e et - o



